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ABSTRACT 

In this work we obtain new properties connected with the number of 
conjugacy classes of elements of a finite group, through the analysis of the 
number r~(gN) of conjugacy classes of elements of G that intersect the coset 
gN, where N is a normal subgroup of G and g any element of G. The results 
obtained about this number are not only used in the general problem of 
classifying finite groups according to the number of conjugacy classes, but 
they also allow us to improve and generalize known results relating to 
conjugacy classes due to P. Hall, M. Cartwright, A. Mann, G. Sherman, 
A. Vera-L6pez and L. Ortiz de Elguea. Examples are given which illustrate 
our improvements. 

Introduction 

Throughout this paper, G denotes a finite group and n a set of prime 
numbers. Notation used without further explanation is standard. In addition, 
n(G) denotes the set of all primes dividing the order of G :1G I; r~(G) the 
number of conjugacy classes of n-elements of G and r(G) = r~ta)(G). If S is a 
non-empty subset of G, [S]~ denotes the set of all n-elements contained in S, 
and r~ (S) the number of conjugacy classes of n-element of G that intersect S. If 

S is a normal subset of G and [S]~ is disjoint union of the conjugacy classes 

C16(Xl) . . . . .  C16(x~), ordered so that IC~(x01 > ' "  >--Ifc(xs)l, then we 
define 
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= (I I . . . . .  I C (xs) I). 

In particular, Aa = ,t~)Ag denotes the conjugacy-vector of  G. Let N b e  a normal 

subgroup of  G. Then for each coset g N ,  we write ~A~N instead of  ,A u ~  gN (by 
abuse of  notation!), and we also write A~  = ~<G)Ag~, in case 7t = it(G). In 

general, we will use the following convention: when n = 7t(G), the symbol x 

will be dropped from all above notation. 

Every element g of  G has a unique decomposition g = g,g~, = g~,g~ into a 

7t-element g~ and a it'-element g~,, where ~t' denotes the complementary set of  

primes with respect to it. 

If  S~ and $2 are two non-empty subsets of  G, we define 

TS,,S 2 ~--- ( (X,  y ) ~ S  1 X 3 2 [xy = yx ) ,  

and i fp  is a prime number dividing n, then we write p~ ][ n to indicate that p~ is 

the greatest power of  p dividing n, that is, p~ ]n, but p~+t;(n .  We write 

vp(n) = a ,  in this case. Two n-tuples (u~ . . . . .  u,), (v~ . . . .  , v,) are said to be 

,~ -equivalent, whenever {u~ . . . . .  u.} = (v~ . . . . .  v,}. Let ]G] = q~' . . . .  qT" be 

the prime decomposition of  the order of  G. Finally, we define the following 

numbers: 

d = d ( l G I ) - - g . c . d . ( q l -  1 . . . . .  qt - 1), 

= ~(I G l) = g.c.d.(q 2 - 1 . . . . .  q~ - 1), 

/~q, =/Zq,(I G l)  = (q~ - l ) / g . c . d . ( I  G I, q~ - 1), 

= q(n) = 1 or 0 according to whether n is an odd or even number, 

a n d  

t ~  L = g.c.d.(p 2 - 1 . . . .  , p2 _ 1, P u + l -  1 . . . .  , P t  - -  1), 

where n ( G )  O n -- {p, . . . .  , p,,} and n(G) = {Pl . . . .  , Pu, Pu+~ . . . .  , p,};  in 

case n(G) N n = ~ we define dral = d(I G I). Evidently, ~A~)= ~(I G I). 

When a finite group is analysed in a simple way from some of  its subgroups, 

information about the number of  conjugacy classes of  G can frequently be 

obtained from a knowledge of  properties of  the numbers r~(gN),  g ~_ G,  by the 

use of  some inductive principle to transfer the information to the whole group. 
Specifically we shall prove the following results in Section 1: 

(1 .A) Let N and M b e  normal subgroups of  G such that N _-<- M and let g E G. 

I f  {gfnt . . . . .  g fn ,}  is a complete system of  representatives from distinct 

conjugacy classes of  (2r = G / N  that make up the normal set Uxea ~ N t ,  then 
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t 

t = ra(g.~I), r~ (gM) = Y~ r~ (gin,N) and ,A~M ~" (,A~m~u . . . .  , ,A~v) .  
i m l  

(1.B) Let N be a normal subgroup of G and let g be an element of  G such that 
o(g) and IN I are relatively prime numbers. Suppose that g is a n-element of  
G =G/N.  Then we have 

r~ (gN) = r~o~)(Cu(g)) and ,A~GN = ^ c ~ c ~ )  n ~ c N ( g )  . 

(1 .C) Let A be an abelian normal subgroup of G and let g be an element of G. 
Set 

,4 = A/[g, CN~(~)(A)] and /~ = NG(gA)/[g, CN~)(A)] 

and suppose that ~ is a n-element. Then r~(gA)---- r~(g,4) and ~Ae~ -- =A~. 
Consequently the following inequality holds: 

rG (gA) < I CA (g) I / I [g, CN~)(A)]/[g, A ] l, 

and the above bound is attained if and only if g.4 is contained in Z(/~). In 
particular, i fA < Z(N~(gA)) we get r~(gA)= IA/[g, N~(gA)] I, (here, m,  de- 
notes the n-part of the number  m). Furthermore, if I A I = P, with p a prime 
number,  then 

i f g  ~ Z(CN~)(A)) 

r~(gA)={ll +(p-1)IIN~(gA)ICN~)(A)I  

holds. 

if g~Z(CNo~)(A)) 

(1.A) is a reduction lemma; by using (1.A) one can analyse the numbers 
r~ (xM) in terms of  the numbers r~ (yN). Frequently (1.A) and (1.B) are jointly 
used. Further, (1.B) allow us to get the conjugacy-vector AN x, x of a semidirect 
product N ×~ K, in terms of the tuples AN and Ax, and the action 2, when- 
ever I NI and I KI are relatively prime numbers. In particular, here we 
shall establish a result which generalizes P. Hall's result (unpublished) (of. [3] 
V. 15.2) and we obtain the number  of conjugacy classes in a finite supersoluble 
group, by considering an ordered Sylow Tower. (1.C) discusses new properties 
about the number  r~ (gA), which are used for classifying finite groups accord- 
ing to the number  of conjugate classes (cf. [7]-[ 13]). 

In Section 2 we prove the following congruences for each N normal subgroup 
of  G: 

(2.A) r'(G)-~ I G/N[ r*(N) (mod Ji'~ml ). 
(2.B) r'(G)-~ r~(G/N)r'(N) (mod d( l G l )J~Gml). 
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(2.C) If t divides c~z/sl, then the following congruences are equivalent: 
(i) r~(G) - -  I GI (mod t), 
(ii) r~(N) = - -  INI (modt). 

(2.D) If t' divides d(IGI)61~/N I , then the following congruences are 
equivalent: 
(i) r(G)---- I G I (mod t'), 
(ii) r (N) -~  I NI (rood t'); 

in particular, if N is an abelian normal subgroup of G, then (2.D) yields 
(2.E) r ( G ) ~  [GI (mod d(I G l)Olo/ul), 

and from (2.E) the following generalization follows easily: 
(2.E') r(G)----- I G I (mod d( I G I)d~r~ j), 

whenever A is an abelian subnormal subgroup of G. 
The above congruences are substantial improvements of known congru- 

ences ofA. Vera-L6pez and L. Ortiz de Elguea (cf. [12]) and A. Mann (cf. [4]). 
(2.E') can also be obtained by arguing as A. Mann in [4] p. 83 and by using It6's 
Theorem about the degrees of complex irreducible characters of a finite group. 
However, our proofs of all the above congruences are elementary, because no 
result of Character Theory is used. 

On the other hand, the number of conjugacy classes of a supersoluble finite 
group has been investigated by M. Cartwright (cf. [1]), by showing the 
following inequality: 

r(G) > 0.6 log21G I. 

The above logarithmic bound for supersoluble groups can be improved, 
arguing in a different way. Suppose that I GI = l'If=~ pEn,+e, is the factoriza- 
tion of the order of G in primary powers, being n~ _-> 0 and e~ = 0 or 1 for all 
i, and suppose that G is supersoluble. Then we get the following results 
(into Section 3): 

(3.A) r(G) > ~ 2~°Gt)n~pi + ~ ( p i - 1 )  1/2 
n~,O n~=O 

(3.B) If 2,1' I G I, then there exists a non-negative integer number k such that 

t 

r ( G ) =  ~ ( 2 n , ( p , -  1)+edzp,)+ 1 + k . d ( l G I )  2. 
i - I  

Evidently, (3.A) and (3.B) improve M. Cartwright's bound; indeed we sub- 
stitute for the logarithmic function another, which increases more quickly. 
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On the other hand, if G is a supersoluble group and p is the smallest prime 
number dividing I G I, then there exists a non-negative number k such that 

(3.C) p a . r ( G ) = ( p  + 1)(p a - 1 ) + r ( O f ( G ) ) = k . ( p  2 -  1).d(IGI) ,  

where p= is the greatest power o f p  dividing I G I. In particular, if G has even 
order and 2a [[ I GI then we have 

2~.r(G) = 3.(2 a - 1)+r(OE,(G))+k.3 for some k >__ 0, 

and the number r(Or(G)) can be estimated by using (3.B), since O2,(G) is a 
supersoluble group of odd order. 

Let N be a normal subgroup of G. In Section 4 we analyse the number of  
conjugacy classes that make up the normal subgroup N, that is, r~(N). 

We obtain the following results: 

(4.A) There exists a non-negative number k such that 

r~(G) = r~(N) + r~(G/N) - 1 + k-d(I G I).d(I G/NI). 

The above equality is improved in case n = n(G): 

(4.B) There exists a non-negative number k such that 

r(G) = rG(N) + IN/(N N G')I(r(G/N) - 1) + k "d(I G/NI)d(I G I). 

In particular, when G is a finite p-group and putting N = Z(G) or ~ G )  in 
(4.B) (0(G) denotes Frattini's subgroup of G), we get 

(4.B') r ( G ) =  IZ(G)I + [Z(G)/(Z(G)~ G')I(r(G/Z(G))--1)+ k . ( p -  1) 2, 

(4.B") r(G) = r~(O(G)) + I O(G)/G'I(I G/O(G)I - 1) + k . ( p  - 1) 2. 

We also analyse the number r(G) of  conjugacy classes of a finite p-group G, in 
terms of the nilpotent class of G and of the cardinalities of  terms of the upper 
central series, and we refine Sherman's inequality given in [6]. 

1. The number r~ (gN) 

LEMMA (1.1). Let N, M be two normal subgroups o f  G such that N < M and 

let g be an element o f  G. I f  (gr~l . . . .  , grit} is a complete system o f  representa- 
tives from distinct conjugacy classes o f  G = G/N that make up the normal set 
U xEa~x)91, then 

t 

t=ra(g~l) ,  r~(gM)= Y, r~(gmiN) and ~Ag~M ,-, G AG ( x A g m , N ,  " ' "  , x gin,N)" 
i - I  



92 A. VERA-LOPEZ AND M A C. LARREA Isr. J. Math. 

• t 

PROOF. We claim that [Ux~¢gXM]~=(.J~_l[Uz~(gm~)ZN]~.  Indeed, 

clearly (gm~)ZNis a subset o f g Z M f o r  all z ~ G and each i = 1 , . . . ,  t, hence _D 

is evident. On the other hand, i f (g in )  x is a 7t-element, with m E M ,  then there 
exists y ~ G such that (gin) x = (gm~) p for some i, so that (gin) x is an element of 

(gm~)YN and thus equality holds. Further, if  there exist x, y E G and hi, n 2 ~ N 

such that (groin1) x =(groin2) y, then (gr~i) ~ = ( g r ~ y ,  that is, gr~i is 0 -  
conjugate to gr~j, and consequently i = j .  Now, (1.1) follows immediately 

from the above disjoint union. 

LEMMA (1.2). Let  N be a normal  subgroup o f  G and  let g be a 7t-element o f  G 

such that o(g)  and  I N I are relatively pr ime  numbers.  Then we ha ve r3 (gN) = 
r~t,~(C~(g)) and~A~N= ^c,~) 

t , - a C t , ( g )  . 

PROOF. Let us prove that gC~(g) contains a complete system of representa- 
tives from distinct conjugacy classes that intersect the coset gN.  Let gn be an 

element of  g N  such that o ( g n ) = o ( g ) .  By using the Schur-Zassenhaus 
Theorem (applied to N(g)) ,  (gn )  is N(g)-conjugate to (g),  hence there exists 
gin', with n ' E N  such that gn = (g0 ¢~'= (g0 ~' for s o m e j  coprime to o ( g ) =  

o(g). Consequently g = gJ and necessarily j = 1. Thus gn is G-conjugate to g 
and there exists just one conjugate class of  elements of  order o (g) contained in 

LJ x~g~N.  Suppose that o ( g n ) ÷  o(g). Clearly, o ( g n ) =  o ( g ) . t  for some t 
dividing IN[, and by using Bezout's Theorem, there exist integer numbers u 
and v such that 1 = u .o (g)  + v . t .  Therefore gn = (gn) k . m  with k = tv  and 
m = (gn) °~  lie in Cs(gn).  Further o ( ( g n ) ' ) =  o(g)  and g.c.d.(k, o (g ) )=  1 
imply o((gn ) k) = o(g), so (gn ) k = g~-' for some x E G and (gn ) ~ = g . m x, with 
m x ~(C~((gn)k) )  " = C~(g). Thus we have r~(gN) = r~(gC~v(g)). 

On the other hand, for any nl, n 2 ~ CN(g), grit and gn2 are G-conjugates if  and 
only ifgn~ = g~. n~ for some x ~ G, but then 

g = (gnl),to~)) = (gX. n~)~to~,)) = gX, 

hence gnl is C~(g)-conjugate to gn2. Therefore 

r~(gCN(g)) = rc~)( C~v(g)). 

Furthermore for each n E CM(g) we have 

C (gn) = C (g) n C (n) -- Cco  (n), 

thus we conclude the desirable equalities. 

COROLLARY (1.3). Let  N be a normal  subgroup o f  G and  let g be a 
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n-element o f  G. Suppose that g.c.d.(o(gN), I N i ) = I. Then the following equali- 
ties hold: 

r~ (gN) --- r~o¢,N,) ( CN(glUl)) and ,A~u - ,co¢,N,) 
- -  x Z a C ~ ( x ~ m  ) . 

PROOF. Set G = G/N.  We have o(g) = ] (g )N /NI  = o(g)/I (g )  N N I ,  and 

by  using Bezout 's  Theorem,  there exist integer numbers  u and v such that 

1 = uo (g )+  v l N I .  Consequent ly  v is copr ime to o(g) and we have g N - -  

(gtXl)VN, being g.c.d.(v, o(~?tNt)) = 1. N o w  from [12] Th. (3.12) we conclude 

xAGN __ G __ G XA{gI'Vl)' N It~INI N " 

On the other hand, o(g) divides l (g)Nl = o(g) INl, hence (gINl)o~) = 1 and 
so o(g IMl) divides o(~), whence g.c.d.(o(gPNl),INl)= I and (1.3) follows 
directly from (I .2). 

THEOREM (I .4). Let G be a semidirect product of N by H with action A, that 

is G = N X ~ H. Suppose that g.c.d.(IN I, l H I ) -- I and let { h~ = I, h2, . . . , hi } 
be a complete system o/representatives from distinct conjugacy classes of a 7t- 

element of H. Then the following a:rmations hold: 

(I) r~(G) = Z:_] r~(h,)(C#(h,)), being C~(h,) = CN(h,) X~ C,(h~) for each 
i= l,...,t. 

. --cofh ,) ^ c o f h , ) ~  
(2) ,A~ ~ t,~ac~ch,),..., ~'-'C,(h,),. 

PROOF. This result follows directly f rom (1.3). 

EXAMPLES 

(1) Let G be a supersoluble finite group. Then G possesses an ordered Sylow 

Tower,  that is, there is a series 1 -- Go < G~ < • • • < G~ = G o f  normal  sub- 

groups of  G such that for each i -- 1 . . . . .  s, P~ = G~/G~_ ~ is isomorphic to a 

Sylow p~-subgroup o f  G, where p ~ , . . . ,  p~ are the distinct pr ime divisors o f  

[GI and Pl > p 2 >  • • • > p~ (cf. [3] p.715, VI.9.1). N o w  from Zassenhaus 's  
Theorem there exist actions A~, i = 1 . . . .  , s - 1 such that 

G = [ - - .  [[[P, X~, 1 e2] X~  2 e3] X " "  * ] X~$_l e$, 

and by using repeatedly Theorem (1.4) the tuple A~ can be obtained.  

(2) Let us consider  the following semidirect  product:  

G = N Xa H = [[C3 X C3] Xa (:'3] Xa ((?2 X (72) = ( d l ,  d2, e)  Xz (bl, b2) 

with relations 
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d~ = d~d2 1 db2' = d~- ' d~, = d2 

Evidently, we have 

Ce(bl)  = (e ) (b l ,  b2), Ce(b2) - -  ( d 2 ) ( b l ,  b2) and Ce(blb2) = (d~)(b~, b2). 

Therefore e _ ^C~(b,) A b , s -  ~C~b,) = (12,6) and similarly Ab~s ----(12,6)= Ab,~.e Also we 

have Ag = (108, 54, 18, 18, 9), therefore 

r (G)  = 11 and Ae = (108, 54, 18, 18, 12, 12, 12, 9, 6, 6, 6) 

(notice that  it is easy to get the number  o f  conjugacy classes that make up a 

normal  subgroup, whenever  the conjugacy relations are known!). 

(3) Let p ,  q be two prime numbers  satisfying p ~ 1 (mod q). Let p be  the 

unique non-abelian p-group of  order p3 and exponent  p,  then 

P = (a ,  b ]a  p = 1 = b p, [a, b] centralizes a and b) .  

Let t be such that o ( i ) = q  in ( ( Z / p Z ) * , . ) 2  Cp_~. Let us consider  an 
au tomorph i sm a of  P defined by a" -- a t and b a = b t-'. Let G = Hol(P,  (a)) .  

Then 
I G I  = p3q and r (G)  = re(P)  + (q - 1)re(aP), 

inasmuch as re(aJP)  = ra(aP)  for a l l j  = 1, 2 . . . . .  q - 1. Further,  

re (aP)  = rc,,(a)(,>(Ce(a)) and C e ( , )  = ([a, b]) ,  

hence re(otP) = [ Ce(a)[ = p .  But 

re(P) = I Z ( P ) l  + ( I P I  - IZ(P)l)/pq = p + (p2 _ 1)/q, 

LEMMA (1.5). 

therefore 

Finally 

r (G)  = p + (p2 _ 1)/q + (q - 1)p = pq + (p2 _ 1)/q. 

~ ( p 3 q , . . , . ,  p3q, p2,.  ?2._,y.~., p2, p q , . . ~ ? _ : ! . ,  pq). 

Suppose  that  G = N × ~ H with g.c.d.( I N l , I H [ ) = 1. L e t  
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{n, = 1, n2 . . . . .  ns} be a complete system of representatives from distinct 
conjugacy H-classes of ~-elements of N. Then we have 

r"(G) < rc~(.~) (Cn(nj)). 
j--I 

In particular, i f  N is abelian, the following equality holds: 

(1) r"(G) = Y, r"(Cn(nj)). 
j = l  

PROOF. From Lemma (1.2) we deduce 

(2) r"(G)=r~ ( hen ('J hC~(h)). 

In addition, 

Consequently (2) yields 

r"(G)<-_ ~ r~(Cn(nj)nj). 
j = l  

Since IN I and I H I are relatively prime numbers it satisfies 

r~(CH(nj)nj) = r~(.j)(C.(nj)) for all j ,  

thus we conclude the required inequality. 
In particular, i f N  is an abelian group, we have C~(nj) = N ×~ CH(nj), being 

g.c.d.([N[,ICH(nj)[) = l, therefore r~x~c,~,,)(CH(nj)) = rx(CH(n~)) and (1) 
follows immediately. 

In the following, Op(G) and Op,(G) denote (respectively) the largest normal  
subgroup of G of  p-power order and the largest normal subgroup of  G of  order 
coprime to p.  

Let G be a group of order pEn+e, with p a prime, n a non-negative integer, 

and e = 0 or 1. Then the number  of  conjugacy classes of elements of  G is 
of  the form 

(3)  (n -f- k ( p  - 1 ) ) (p  2 - l )  d- pe 
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with k a non-negative integer. In particular G has at least n(p 2 -  1)+ pC 
classes. This was established using representation theory by Philip Hall [2] (see 
also [3]). Later, J. Poland (of. [5]) and A. Mann (of. [4]) have shown the above 
result without using character theory. 

Next we generalize this result, when G is an extension of an abelian group by 
a p-group. In fact, from (1) and (3) there follows directly the following result: 

THEOREM (1.6). Let G be a finite group and let N be an abelian normal 
subgroup of  G such that G/N is p-group. Let rt be a set of  prime numbers such 
that p e r t  and let {x~ . . . . .  xt} be a complete system of representatives from 
distinct conjugacy G-classes of n-elements of O~,(N); then we ha ve 

r~(G)=( ~ nt)(p 2 -  1 ) + ( ~  p~, )+k(p  2 -  1 ) ( p - l ) ,  

for some non-negative integer k and p 2~,+e, = I Ce(x~)l, with ni >= 0, e~ = 0 or 1 
for all i = 1 , . . . ,  t and P a Sylow p-subgroup of G. 

For each non-empty subset S of G we define 

[g, S] = {[g, x] = g - ' x - l g x  [ x ~S} .  

LEMMA (1.7). Let A be an abelian normal subgroup of  G and let g be an 
element of  G. Set 

,4 =Al[g, CN~)(A)] and B =N~(gA)/[g, CS~A)(A)]. 

= r~ (gA). Further, i f  Suppose that ~ is a n-element. Then we have r~(gA) ~ "~ 
( ~  . . . . .  ~h,) is a complete system of representatives from distinct conjugacy 
classes of  n-elements of B that make up the normal set [(-Jb~ gbJ]~, chosen so 
that gni is a n-element for all i, then {gn~ . . . .  ,gn,} is a complete system of 
representatives from distinct conjugacy clases of  rt-elements of G that make up 
the normal set [U~a  g~A ]~ and we ha ve 

~Ae~ -- ~A~. 

PROOF. It can easily be proved that 

[g, {[g, xllxEC,,o )(a)} 
is a normal subgroup of N~(gA) contained in A. 

Let {grlt , . . . ,  g~t} be a complete system of representatives from distinct 
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conjugacy classes of  n-elements of/~ that intersect [g.4]~, chosen so that gni is a 
n-element for all i. Set N -- [g, CN~)(A)]. By using Lemma (1. l) we have 

r~(ga) = r ~ ) ( g A )  = r~,~)(gntN) + . . .  + r ~ ) ( g n ,  N), 

where t = r~($/i). 
Furthermore, for every i we have 

gni U = gni [g, Cu~)(A)]  = { gni g -  ' z - ' gz I z E C I ~ ) ( A ) }  

= {z-'ng,-'gz I z~Cuo~)(A)}  

= Clc,~,t,,(gni). 

Thus we conclude ru~)(gn~N) = 1 and since gn~ is a n-element, we conclude 

r ~ )  (gn~N) = 1. Consequently r~ (gA ) = t = r a (gA ). 
Finally we have 

INI -- IgniNI = Ign~N N C1N~)(gni)l ---- INI IC~(gh~)I/I Cl~)(gn~)l ,  

that is, 

I CNo~)(gn,)l = I C ~ ( ~ ) l  for all i = 1 . . . . .  t .  

Thus we conclude the desired result. 

COROLLARY (1.8). Let A be an abelian normal subgroup of  G and let g 
be a n-element o f  G = G/A such that A < Z(N~(gA)). Then the following 
equality holds: 

r~ (gA ) = IA/[g, Nc(yA )] I,. 
I t  ~ 

PROOF. We have g, ,EA and r~(gA)= r~(g~A)= r~(g~A), where .~ = 
Al[g,, N~(gA )] and B = N~(gA )/[g, , N~(gA )], since CI~t~.A~(A ) = CN~)(A ) = 
N~(gA). Further, g~ is an element of the center of/Y, therefore 

r~(gA)= I~iI~ = IA/[g,,N~(gA)]I~ = Ia/[g, Na(gh)][,. 

COROLLARY (1.9). Let A be an abelian normal subgroup of  G and let g be a 
n-element of  G = G / A .  Then I[g, CN~)(A)]/[g,A]I divides IC~(g)l and the 
following inequality holds: 

ra(gA) < IfA(g) l/I [g, C ~ ) ( A ) ] / [ g ,  All.  

Further, equality holds i f  and only i f  g.~ is contained in the center o f  B, where J 
and B are defined in Lemma (1.7). 

P~oo~. Evidently [g,A] and [g, Cu~)(A)]  are two normal subgroups of  
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Na(gA) satisfying [g,A] _-< [g, Cso~)(A)]. Furthermore, IA I/J[g,A]l = 
I C~(g) J and by using Lemma (1.7) we have 

r6(gA)= ra (~ )  < [.4[ = IA/[g,A]l/l[g, CN~)(A)]/[g,A]I,  

and equality holds if and only if r~ (g~i) = I.~ I, and since g.4 is a normal subset 
of/~, rt(~zi) = Izit is equivalent to: gA is central in B. 

The information obtained in Lemma (1.7) is more precise than that given in 
Lemma (2.10) of [8]. Indeed Lemma (1.7) implies 

rG(gA ) = ru~ulg.41(oOA /[g, A]) ( = ru~)/ts.Al(A /[g, A]), 

in ease N6(gA) = AF and CF(g) = Cr(g), where Cr(g) is the image of  CF(g) in 
N6(gA)IA and F is a subgroup of N¢(gA)). In addition, i fA is a p-group, it 
follows that either r~ (gA) = 1 or r3 (gA) is a power of p,  assuming that p ~ n. 
Furthermore, assume that G is a p-group and set A = Z(G) and rt = rt(G). 
Then for each g E G, Corollary (1.8) yields 

r~(gZ(G)) = I Z(G)/[g, N~(gZ(G))] I 

= I Ca(g) I/INa(gZ(G))IZ(G)I 

= I C~(g) l/I Ca(g) l, where G = G/Z(G). 

LEMMA (1.10). Let A be a normal subgroup of  G and assume that A = Cp, 
with p prime. Then the following affirmations hoM: 

(1) I f  g~Z(Cs~t~)(A)), then r6(gA)= 1. 
(2) I f  gEZ(C~o~)(A)) ,  then we have 

r~(gA) = 1 + ( p -  1)IING(gA)/CNo~(A)I. 

PROOF. If  g~Z(Cuo~)(A))  we have [g, C u ~ ) ( A ) ] = A  and r~(gA)= 
r ~ ( ~ )  = 1. Let us suppose that g centralizes C1%~)(A) and set 

j - l  

Then we have 

r~(mA ) = ( l l l Nc(gA ) l ) l T ~ , ~ o ~  l 

=(1/IN~(gA)I)  ~ IT¢,y,c,a,~A~l. 
j--I 
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We now consider two cases. 
(a) I f  N o ( g A ) =  CN~)(A), the g E Z ( N ~ ( g A ) )  and so ro(gA) ffi p .  
(b) If  N~ (gA) • CNoe.A) (A), then for each yj q~ C N ~ )  (A) we have r~ (yjA) ffi 1, 

because I C A ( y j ) I = I ,  hence N~(y~A)=Co(y~)A .  Since g E N ~ ( y j A ) ,  
it follows that there exists aoEA such that [gao, yj] = 1. Further, gao is the 
unique element of the coset gA commuting with yj (otherwise, [ yj, A ] = 1). 
Thus, we have 

I T~A.y,C,,o,,.,,¢A)I = ICN~a)(A)I for each j  4. 1, 

I T~ , c .~A) l  = IAII CN.~)(A)I f o r j - -  1. 

Finally we conclude 

rc(ga) 

= ( l / I N o ( g h ) l ) ( ( I N o ( g a ) / c N , ~ ) ( a ) l  - 1)1CNo~)(A)I + I a l l  C ~ a ) ( A ) l )  

= 1 + ( I A I -  1)/IN~(ga)/f~(a)l. 

REMARKS 

(1) Let N be a normal subgroup of G and let us consider the application 

defined by 

for all n ~ N. Then 

In particular, it is 

i : G/C~(N)  ---, Aut(N) 

g~-> i(g) : n ~-, n g = g - l n g  

r G ( N )  = r N x, G/C~(N) ( N )  = rHoI(N,G/CG(N)) ( N ) .  

ro(N) >-_ rMo~tm(N). 

Indeed, if nf = n2 for some g E G, then r~f = rt2 in N X i G, being G = G/Ca(N)  
and N~--N.  Conversely, if tit is N X~O-conjugate to ri2 then there exists 
rli(g) so that r ~ =  r~2, that is, (n~)i(g)= n2, and consequently nt is G- 
conjugate to n2. 

For example, i f N  = Hol(Cp, Cq) is a normal subgroup of  G, we have 

r G (N) -- rnotW,olC~tN)) (N) ---- 1 + (( p -- 1 )/q)/[ G ~Ca (N) Ip, + q - 1, 

where I G/Co(N)  Io, denotes the p '-part  of  the number  I G/CG(N) I (this follows 
immediately from the structure of  Hol(Cp) = C o X f  Cp_ O. 

(2) Let N be a normal subgroup of  G such that Z ( N )  = 1. Then we have 
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ro(N) = ra/c~(m(NCa(N)/Ca(N)). 

(This result can be shown easily.) 

2. Conjugacy classes of 7~-elements 

In the following, s~ denotes the number of conjugacy N-classes of a 
g-element of N fixed by the automorphism fg : N --* N defined by fg(x) = x g 
for all x E N. 

LEMMA (2.1). Let N be a normal subgroup o f  G and let g be an element 

o f  G. Set G = G/N. Suppose that 8 is a n-element. Then we have s~ = 

r~<g> (gN) = s~J for each j coprime to o(g). 

PROOF. Cf. [12] Theorem (3.2) Remark (1). 

LF, MMA (2.2). Let N be a normal subgroup o f  G such that G / N  is soluble. 

Then the following congruences hold: 

(i) rX(G) - -  ]G/N] . rX(N) (mod ~G/NI). 
(ii) r~(G)-~ r~(G/N) • r~(N) (mod d(I G [ )Jra/Nt ). 

PROOF. Arguing by induction on [ G/NI ,  we shall prove both (i) and (ii). 
Clearly, the result is true, in case G / N - - 1 .  Let us suppose that G/ N  = 

<g') "~ Cp, with p prime. We have 

r~(G) = r~(N) + ( p  - l)r~(gN) 

and also 
r~,(N) = (r~(N) + (p  - 1)s~)/p. 

I fg  is not a It-element (hence p fi~ 7t), then r~,(gN) = 0 and 

(4) pr~(G) = r~(N) + ( p  - l)s~. 

Since p ---- 1 (mod J~ml), from (4) it follows that 

r~(G) =-- r~(N) ~ I G /N  I r~(N) (mod J~/m ), 
and (i) is proved. 

On the other hand, we know that s~-----1 (mod d([ G l)) and pr~(G) is 
congruent to r ' ( G ) +  ( p -  1) modulo d(I G I)J~/NM, inasmuch as r~(G) =- 1 

(mod d([ G [ )), thus (4) yields 

r ' (G)  -I- ( p  - 1)~-rX(N) + (p  - 1)s~ ----r~(N) + ( p  - 1) (mod d(I G I)6r~m M) 

and consequently 
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r~(G)-~-r~(G/N).r~(N) (rood d(IG I)~r'~ml), 

because r~(G/N) = 1. 

I fg  is a n-element (that is, p ~n),  then r~(gN) = s~ and we have 

pr~(G) = (p2 _ 1)sff + r~(N) 

hence 

(5) pe.r~(G ) = p(p2 _ 1)s~ + pr~(N). 

Since p2 is congruent to 1 modulo t~ml we have 

p2r~(G)=r~(G ) + p2 _ 1 (mod d(I G I)~7~mt) 
and also 

p ( p 2 _  1 ) s ~ = p 2 _  1 (mod d(IGI)tSTcml), 

hence the following assertions follow from (5): 

r~(G) =-- Pr~(N) = I G/N] r~(N) = r ~ ( G / N ) : ( N )  (mod d(I G I)~Taml). 

We now suppose the lemma true for each group G~ and each NI <1 G~ such 
that G~/N1 is soluble and IGI/N~I < IG/N[.  Let 1 ~ L / N < I G / N  such that 
(G/N) / (L /N)  ~-- Cp,, with p~ a prime number. Then G/L is isomorphic to Cpl 
and arguing as above we have 

:(G)---- I G / L I : ( L )  (modt~c/zt), 
(6) 

r~ (G)=- : (G /L ) r~ (L )  (mod d( lG  I)~a/zl). 

On the other hand, applying the inductive hypothesis to pair (L, N) yields 

r~(L) =- [ L / N I : ( N )  (modd~Lml), 
(7) 

r ~ (L)  =--- r ~ (L /N)r  ~ (N) (mod d( [ L I )d~Lmt ), 

and applying it to the pair (G/N, L / N )  we have 

(8) r~(G/N) - - - - - : (G/L) : (L /N)  (mod d(I G/NI)~pG,LI). 

Consequently, from (6), (7) and (8) we get 

r~(G) = IG/LI  I L / N I : ( N )  = IG/N[r~(N) (mod ~r~/N~) 

and 

: ( G )  ~ : ( G / L ) r ' ( L / N ) r ~ ( N )  = r~(G/N)r~(N) (mod d(I G [ )3~%ml), 
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because d(I G I) (resp. $~'amt) divides both d(I GIN I) and d(IL I ) (resp. SFa/L~ 
and $~'L/N. ). Thus the lemma is proved. 

TI-I~ORr.M (2.3). Let N be a normal subgroup of G. Then the following 
congruences hoM: 

(i) r'(G) -~ I G/NI:(N)  (mod Sr'~m.). 
(ii) r~(G)-~ r~(G/N)r~(N) (mod d( [ G I )$~'e/#l ). 

PROOF. We have IG/NI2~I (mod $~'~m), hence (i) is equivalent to 
showing 

I G/NIr'( G)-- r~(N) (mod $~'am.), 

and this is equivalent to 

that is, 

(9) 

I G I : ( G ) ~  I N I : ( N )  (rood INI $~'aml), 

I T[~l.,~ I ~ I TI~CI.,NI (mod I NIc~G/Nt). 

We shall prove (9). Set 

= {(x, y)E[G]~ X G I [x, y] = 1 and x or y is not an element of N}. 

We have I Ttoj,,~ I = I Ttsl,,# I + If21, hence it is sufficient to show the follow- 
ing congruence; 

(10) If~l--~-~0 (rood INIJrG/~,). 

Set T = { (x, y ) I (x, y) E f~}. We have the following decomposition: 

= L.J - 

HET 

If Hi, H~ belong to T, then we have 

(TIN.,I.,~.,- TLN;.m)N (Tilvmj..jv. 2 -- Tljv3.,~v) -- TtN.,n#n2j..#.,nNm -- TI#j.,# 

and (NHi N NH2)/N is abelian. Therefore there exist subgroups Hi, • • •, H,. of 
G such that N < Hi, H/N is abelian and 

(11) I~l = ~ ( -  1)"1Tts, l,.H, - T[NI. ,NI '  
i - I  

for some natural numbers r~, i ; 1 . . . .  , u. 
It follows from Lemma (2.2) that :(Hi) is congruent to IH /NI : (N)  

modulo $~s, ml, or equivalently 
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I Tw,],,H,I ~ I T[N],,,N I (mod INI01~,/~I), 

but Jr'o/Ni divides J l~,ml hence (10) follows directly from (11). 
To prove (ii) we consider F = {H <= G [HN/N is abelian}. Evidently the 

following decompositions are satisfied: 

Ttal.,a = U TtN.I.,Nn 
H~F 

and 

T[G/N].,GIN ffi ~.J T[HN/NI.,HN/N. 
HEF 

Again, there exist subgroups K~ . . . . .  Kv of G such that K~/Nis abelian for every 
i, and there exist natural numbers r~ . . . . .  rv so that 

r 

ITt~],,al = ~ (-1)~1TtK, j,.K,I 
i - 1  

(12) and 

From Lemma (2.2) 

I rto,~l..~,~ I = [ I rt,,.,Nl,,K,,~ l( -- 1)~. 
i - - I  

r"(K~)-~ r"(KflN)r"(N) (mod d( I Ki I )'~FK,/N~ ), 
hence 

(13) ITtx,,],.x,I ~ ITtK,/N1,,,X,/N[ ITtNa,,,NI (mod INId( IGI)J~:NI)  

since d(I G I) divides d(IKi I) and J~/NM divides Jl~X,/Ni for K~/N ÷ 1 (in case 
KIlN = 1, (13) is trivial). Now, from (12) and (13) we get 

I Ttc].,a I ~ ~ ( - 1)', I T[x,/m,,,X,/N II TtNI..N I ffi I TtNI,,,N I I Zta/Nl,,,~/N I 
i--1 

modulo I NId(I  G I)JM%/NI, that is, 

IG I r " (G) =  I G / N I r " ( G / N ) I N I : ( N )  (mod I N I d ( I G  I)Jro,,NI), 

and consequently 

r"(G) ~ r"(G/N)r"(N) (mod d(I G I)Jraml), 

because I G/NI  is coprime to both J~G/#I and d(I G I). 
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COROLLARY (2.4). The following congruence holds: 

(14) r~(G) ==- JGI (modtS~cl). 

PROOF. This result follows directly from Theorem (2.3) (part (i)) putting 
N = l .  

Thus (2.3) generalizes (14). This last congruence was shown in [12] 
(Th. (3.16)). Further, the congruence 

r~(G) ~ I G I  (modd(IGI)Sral) 

is not generally true. Indeed, let us consider G =(C5×  C5)×/C3, the 
Frobenius's group of kernel C5 × C5 and complement isomorphic to C3 and let 
rt = {5}. Then we have 

r~(G) = 1 + ( 5 2 -  1)/3=9, 8 ~ M = 2 = d ( I G I )  
and 

I G I - r ' ( G )  = 66 ~ 0 (mod 4). 

However, (2.A) and (2.B) allow us to get the following criteria, which connect 
the arithmetical structures of the numbers r(N) - I NI and r(G) - I GI. 

COROLLARY (2.5). Let N be a normal subgroup of G and let t be a number 
dividing 8~OllVM. Then the following affirmations are equivalent: 

(I) r~(G)~ I Gi (mod t). 
(2) rX(N) - -  INI (mod t). 

PROOF. It follows immediately from Theorem (2.3) (part (i)). 

COROLLARY (2.6). Let N be a normal subgroup of G and let t be a number 
dividing d( I G I)~la/s I. Then the following affirmations are equivalent: 

(1) r(G)==-IGI (mod t). 
(2) r(N)=--INI (mod t). 

In particular, i f  N is abelian, the following congruence holds: 

(15) r(G)-~ IGI (modd(IGl)JiomM). 

PROOF. It follows immediately from Theorem (2.3) (part (ii)). 

COROLLARY (2.7). I f  A is an abelian subnormal subgroup of G, then the 
following congruence holds: 

(16) r(G)-~ IGI (modd(lGl)~lG~l). 

PROOF. Obviously, if rr(IAI)C_ 7t(IG:A I) then we have Jla.~r = JicM and 
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the result is true (here, re(m) denotes the set of  all prime numbers dividing m). 
Otherwise, we consider the different prime numbers Pl, • • •, P, dividing [A I 
and not contained in re( lG:AI) .  If  P~ is a Sylow pi-subgroup of A, the 
conditions P~ char A <3 <3 G and p~ 4' [ G : A [ imply P; normal in G, therefore 
N = PI" • • Ps = PI X • • • X Ps is an abelian normal subgroup of  G satisfying 
t~l ¢/NI ---- t~l ~ t and consequently (16) follows directly from (15). 

Obviously (16) improves the following (A. Mann's) congruence: 

r(G)=--IGI (modd(lGl)~l~j). 

EXAMPLES 

(1) Let us consider G = H o l ( C 2 ×  C2× C2, C7). Then 0 5 )  yields r ( G ) ~  
8-7~-~8 (mod 48) (indeed r(G)= 8), whereas A. Mann's congruence yields 
r (G)-~2  (mod 3). 

(2) Consider G = H o l ( C 2 ×  C2× C2, C7X:C3), then (15) yields r(G)---- 
8 . 7 . 3  ~ 0 (mod 8). Indeed r(G) = 8, whereas A. Mann's congruence does not 
yield any information in this case. 

Let us consider the following sets of prime numbers dividing [ G [ : 

re = {p  ere(G) I v,(I G I) is even}, 

t7 = { p ~ re(G) I vp(t G/Z(G)I ) is even}, 

z = {pEre(G) lvp(I G'I ) i s  even} 

(G' being the derived subgroup of G). Evidently we have the following 
congruences: 

]G[~I (modt~ t), 

IG/Z(G)l =--l (mod~['~l), 

[G'[~I (mod~t). 

Further r(G) is congruent to I GI modulo 5iG t and the numbers t~cl, c~'al, 5~61 
are divisors of  ~lcl, therefore by observing that r(G)>-_ I Z(G)I and r(G)> 
[ G/G'[ we have the following: 

COROLLARY (2,8), For each finite group G, there exist non-negative integer 
numbers k~, i = l, 2, 3, such that 

r(G) = 1 + k~3~ I = I Z(G)I + k2t~al = I G/G'I + k3~G~. 
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REMARK. Arguing as above, if there exists N<3 G such that r(G)> IN I, 
then 

r(G) = INI + k .6f~ I for some k >_- 0, 

where p = { p E n(G) I vp([ G/NI) is even}. Similarly, if r(G) >= 1G/NI, then 
we have 

r ( G ) =  IG/NI +k"6~oa for some k ' > 0  

where v = { p E n ( G )  lvp(INI) is even}. In general, if q f , , . . . ,  q~, are prime 
powers dividing I GI such that r(G)> l-If_, qa,, then there exists a non- 
negative integer number k" such that 

r(O) = fl q~, + k" .~al ,  
i - - I  

where 0 = ( p ~ n(G) - ( q , , . . . ,  q,} I vp(I G I) is even}. 

EXAMPLES 

( l )  I f  I GI  = m 2, then  we have  r ( G )  = 1 d- k .t~la I fo r  s o m e  k > 0. 

(2) If  ]G I --- 22n" 7m, then we have r(G) - 1 + k .  3 for some k > 0, setting 
n = { 2 } .  

(3) For each finite group G ~ 1, the following inequality holds: 

r(G)>= 1 ff-6~o I + d( IGI) l r t (G) -  rtl, 

where n = { p E n ( G )  lvp(IG I) is even}. (Indeed, arguing as A. Mann in [4] 
p. 83, there exists f =  f(I  G I) such that f h a s  exactly order d(I G I) modulo 
any divisor ( ÷ 1) of I G I and consequently g~' is not G-conjugate to grJ for all 
i ~ j ,  1 _-< i, j _-< d(I G I).) Further, for each q En(G),  there are elements of 
order q in G. Thus the above inequality follows directly from (14). The above 
considerations also yield 

r(G)>= 1 + d(lGI)ln(G)l .  

Next, we analyse the arithmetical structure of the number r*(G)-  
r'(G/N)r'(N). 

LEMMA (2.9). Let N be a normal subgroup of  G and let g be an element of  
G. Then the following assertions are true: 

(i) r~(N)~--s~ ~ --  1 (mod d(INI)) .  
(ii) r~ (N) ~ r'(N) (mod d(I G/NI).  d(INI)/g.c.d.(I G I, d ( IN I))). 

PROOF. (i) cf. [12]. 
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(ii) We have sff -- (1/INI) Z,etu]. I CG(n) O gNI, since I C~(n) n gNI v~ 0 if 
and only if Clu(n) ~ --C1N(n), where I C ~ ( n ) n g N I  = I C~(n)l, in this case. 
Consequently the following equalities hold: 

r$(N)=(1/IGI)  Y. IC~(n)l 
n ~ [NI, 

= ( 1 / I G I )  ~ Y. IC~(n)nxNI  
.¢EG/N n~[N]x 

=(1/IG/NI)  Y~ s~, 
.~EGIN 

and so 

(17) IG/NIr~(N)= ~ sg. 
REGIN 

On the other hand, there exists a natural number i f --  f ( I  G/NI ) such that f 
has exactly order d(IG/NI) modulo any divisor ( ~  1) of tG/NI and the 
following decomposition may be considered: 

(18) G/N {1-}0 ~J d,,~N,) -/' = { x j  }, 
j - - I  i - I  

where I G/N I = 1 + w. d(I G/NI ). Further we have sff = s ~ for each element y xj 

contained in {xf' ] 1 < i < d(IG/NI)} and for all j ,  inasmuch as f~ is coprime 
to o(:¢j). Therefore from (17) and (18) we get 

I G/NIr~(N) = r"(N) + Y, d(IG/NI)s,~, 
j - -1  

but s~ =--r~(N) (mod d(lNI)) ,  hence 

and 
d(IG/NI)s~ ~d( IG/NI ) r" (N)  ( m o d d ( l G / N l ) d ( l N I ) )  

I G/N [ r~ (N) ~-- (1 + wd(I G/N I ))rX(N) 

= r~(N) IG/NI (mod d( IG/NI)d( INI) ) ,  

whence we conclude the desired congruence. 

LEMMA (2.10). Suppose that G = N Xa H with g.c.d.(INI, I H I) = 1. Then 
the following congruence holds: 

r~(G) ~ r~(G/N)r"(N) (mod d(I G/N[).  d(lNl)/g.c.d.([ G l, d(lN[))).  
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PROOF. Arguing as above, it may be considered a complete system of 
representatives from distinct conjugacy H-classes of n-elements of H of the 
following type: 

(I} U {hf l l <j < w, I <i <d(IG/Nl)}, 

where r~(H) --- I + w. d( [ G/N l ). Now, from Theorem (I .4) (part (I)) we have 

(19) :(G) = r3(N) + d(l G/NI) ~ r~(h,)(C::(hj)). 
j=l 

Since CN(hj) is a normal subgroup of Co(h:), from Lemma (2.9) (part (ii)) 
we deduce 

r~a(h,) (CN(hj)) ~-- rx(CN(hj)) 

1 (mod d(I CN(hj)l)/g.c.d.(I Co(hi)l, d(I CN(hj)l))). 

But dearly, d( I N I )/g.c.d.(I G I, d(INI)) divides 

d(I CN( hj ) l )/g.c.d.( I Co(hi)l, d(I CN( hj ) l ) ) 

in case I CN(hj)I ~ 1, hence we have 

t" 7£ -- 
r~(hj)(CN(hj)) = r (N) (mod d(INI)/g.c.d.(I G I, d(IN I))) 

(20) and 

[rS(N)=--:(N) (mod d(I G/NI).d(INI)/g.c.d.(I G I, d(INI))). 

Finally, from (19) and (20) we get 

r~(G)=----r~(N)(1 + wd(I G/NI)) 

= r~(N)r'(G/N) (mod d(I G/NI).d(INI)/g.c.d.(I G l, d(INI))), 

the required congruence. 

LF.MMA (2.11). Let N be a normal subgroup of  G such that G/N is abelian. 
Then the following congruence holds: 

r~(G) =-r~(G/N)r~(N) (mod d(lG/N) l .d(lNl)/g.c.d.(lG I, d(INI))). 

PROOF. We prove the lemma by induction on I G/NI. Let us assume 
G/N = (g) ~-- Cp, with p prime, l fp  ~ n, then : (G /N)  = 1 and also 
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r"(G) = r~ (N)~-- r"(N) 

= r"(G/N)r"(N) (mod d(IG/NI).d(lNI)/g.c.d.(lG l, d(INI))), 

by using Lemma (2.9) (part (ii)). On the other hand, i fp ~ n, then we have 

r"(G) = r~(N) + (p - 1)s~, 

and again by using Lemma (2.9) we get 

r'(G)~--r"(N) + (p - 1)r"(N) 

= r~(N)r~(G/N) (mod d(I G/NI).d(INI)/g.c.d.(IG l, d(lNI))) 

because (p - 1)sff --= (p - 1)r"(N) (mod d( I G/NI ). d( IN I )). 
Thus we may assume true the lemma for every pair (G~, NO satisfying the 

following conditions: N~ <~ G~, G~/NI abelian and I G~INt l < I G/N I . Further- 
more we may assume that there exists a prime number q dividing both I N ] 
and I G/NI, otherwise, by applying the Schur-Zassenhaus Theorem, we have 
G = N ×a H for some subgroup H and (2.11) follows immediately from (2.10). 
Now, since G/N is abelian, there exists L <1 G such that L / N  ~-- Cq and, arguing 
as above for (L, N), we have 

(21) r"(L )=--r"(L/N)r"(N) (mod d(IL/NI).d(lNI)/g.c.d.(IL I, d(INI))) 

Applying the induction hypothesis to both pairs (G, L) and (G/N, L/N), we 
have the following congruences: 

[r ~(G) -~- r~(G/L)r~(L) (mod d(IG/L I)" d(IZ I)/g.c.d.(I G 1, d(IZ I))), 

(22) l r~(GIN)~r~(GIL)r  (L/N) 

[ (modd(IG/LI) .d(tL/NI)/g.c .d.(IG/NI,d(LL/NI))) .  

From (21) and (22) there follows 

r~( G) ~- r,( G /L )r,(L /N)r~(N) 

-~r"(G/N)r~(N) (mod d(I G/Nt).d(INI)/g.c.d.(lG l, d(INI))) 

since d(INI)lg.c.d.(I G I, d(INI)) divides d(lLINI)lg.c.d.(I G/NI, d(IL/NI)),  
and d(I G/NI) divides both d([ G/L 1) and d(IL/N[).  

REMARK. The above proof is also valid for G/N a soluble group. 

THEOREM (2.12). Let N be a normal subgroup of  G. Then the following 
congruence holds: 
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r'(G)=r"(G/N)r"(N) (mod d([ G/NI).d(INI)/g.c.d.(I G I, d(IN I))). 

PROOF. By using Lemma (2.11), the proof is analogous to that discussed 
for Theorem (2.3) (part (ii)) and is therefore omitted. 

REMARKS 

(1) If  N is a normal subgroup of G and r'~(G) denotes the number 
of conjugacy classes of non-n-elements of G, then the following con- 
gruence holds: 

(23) r'~(G)=r(G/N)r'~(N) + r'"(G/N) (mod d(IG J)J~cmr)- 

Indeed, from Theorem (2.3) (part (ii)) we have 

r~(G) = r~(G/N)r~(N) (rood d([ G [)J~om.) 

and putting 7r = 7r(G) into the above congruence we get 

r(G)=-r(G/N)r(N) (rood d( [ G J )Jlom,); 

but J~m, divides J,~ml, hence working modulo d(lGl)J~m, we have 

r'~(G) = r(G) - r"(G) 

----- r(G/N)r(N) - r'(G/N)r"(N) 
(24) 

= r(G/N)r,(N) + r(G/N)r'"(N) - r,(G/N)r~(N) 

= r,~(G/N), r~(N) + r(G/N)r'"(N). 

In addition 

hence 

and 

r"(G/N)= [G/N[ ~ r ( G / N )  (mod Jraml), 

r'~(GIN)=O (mod J~'~/NI) 

r'~(G/N)r~(N)=r'~(G/N) (mod J('~mld(IGI)) 

inasmuch as r'(N) = 1 (mod d(IGI)). Thus we conclude the required con- 
gruence. 

(2) Let Nbe an abelian normal subgroup of G such that G/Nis abelian. Then 
the following congruences hold: 

(i) r"(G)= I G I~ (mod d(I G I)Jroml). 
(ii) r'(G) ~ I G I, (mod d(I G/N I ). d(INI)/g.c.d.(I G I, d(INI ))). 

Both congruences follow directly from Theorem (2.3) (part (ii)) and Theorem 
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(2.12), respectively (notice that rX(N) = INIx, rX(G/N) = [G/NJx and 

I G I~ = IN Ix I G /N  Ix in this case). 
(3) As an immediate consequence of Theorem (2.3) (part (i)) 

r'X(G) =-- I G/NI r'~(N) (mod ~'~/Nt), 

for each N :fl G. 

(4) In general the following congruence is not true: 

rX(G) -~ IGI (modd( lNI ) /g . c .d . ( lGI ,d ( INI ) ) ) .  

For example, i f G  = (C5 × C5) ×iC3, n = {5} and N = C5 × C5, then we have 
rX(G) = r~(N) = 9, d ( IN])  = 4 and r~(G) --- 9 ~ 7 5  (mod 4). 

(5) In general the following congruence is not true: 

rX(G)=---r~(G/N)r~(N) (mod d(INI)).  

In fact, i fG  = ~3, N = Ca and rt = (3}, we have rX(G) = r~(N) = 2, d ( INI )  = 
2 and rX(G) = 2 ~ r~(G/N)rX(N) = 1.3 (mod 2). 

3. Supersoluble groups 

In this section, the number of conjugacy classes in a supersoluble group is 
investigated by using the local properties of the number r¢(gN). 

LEMMA (3.1). Let A,  K and N be normal subgroups o f  M satisfying the 
following conditions: A < K < N < M ,  A < Z(M),  M / N  = (~) ~ Cq, with q 
prime, M / K  abelian and g.c.d.(IA l , I M / K l ) =  1. Set s =rM(xN) and s * =  
rM/A(~N/A ). Then the following inequality holds: 

(25) s - s *  > ( I h l  - 1) . IN/KI .  

PROOF. Let us consider the following notation: )ff = M / N ,  .~1 = M/A  and 
i~1 = M / K  (isomorphic to (M/A)/(K/A)). Let {-~i . . . . .  ~ } be a complete 

system of  representatives from distinct conjugacy )~/-classes that make up the 

coset ~c~ r chosen so that o(x~ ) and [A I are relatively prime numbers for all 

i = 1 , . . . ,  t. By observing that 2ni and ~hj are not M-conjugate elements for 

all i ÷ j (because Mrs  an epimorphic image o f .~ )  we may consider a complete 

system of  representatives {~h~ . . . . .  ~ht, Sh, +1 . . . .  , Sh,. } from distinct con- 

jugacy )14-classes that intersect ~ "  ordered in the indicated form. From 
Lemma (1.1) we have 
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$ll 

r~t(xN)= ~ rM(xniA). 
i - 1  

Further,  for each i < t we have 

rM(xniA) = rc,,ix,,)(Ca(xni)) = IA I, 

by using both  L e m m a  (1.2) and A central in M.  Thus  ru(xN)>= 
s* + ( I A I - 1)t. But  t = I N / K  I, since M / K  is abelian, therefore we conclude 

the desired inequality. 

L~MI~A (3.2). Let A,  L be two normal subgroups o f  G such that A < Z (L  ) 
and G/L is abelian. Set K / L  = Ox~a)(Co(A)/L). Then the following in- 

equality holds: 

r ( G ) -  r (GIA)> (IA I -- 1).(IG/Co(A)I + 1/ IG/KI) . ( I  C~(A)/KI - 1) 
(26) 

+ (r(K) - r(K/a))/I G/KI .  

PROOF. Evidently we have A < L < K < Co(A) and we may consider  a 

series 

(27) K = N o < N ~  < " "  <Nt -~  < N t = C ~ ( A ) < N t + j  < " "  < N , = G  

(with t - - 0 ,  in case K =  Ca(A)) chosen so that Ni is normal  in G and 

N / N i _ t  = (5q)~--Cp,, with p~ pr ime for all i = 1 , . . . ,  u (that is possible, 

because G/K is an abelian group). Let 

Si = r l v , ( x i N i - l )  and s* = ru,/x(£~Ni-t/K) for all i = 1 . . . . .  u. 

Arguing as in Theorem of  [7] the following equalities hold: 

u 

(28) IG/KIr(G) = Y, (p~ - 1) lN~_/Klsi  + r(g), 
i - I  

(29) IG/KIr(G/A)  = ~ (p~ - 1) lNi - , /Kls*  + r(K/A), 
i = 1  

(30) iG/K]2= ~ (p~ - 1)LNi_~/KI2 + 1 
i = 1  

and 

(31) IG/Cc(A)I IG/KI = ~ (P] - 1)IN~- t /KI2+ ICc(a)/KI 
j - - t + l  
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(notice that (30) and (31) are deduced by considering the following induced 
series: 

{ 1-} = No/K < N J K  < . . .  < Nu/K = G/K).  

From (28) and (29) we get 

I G / K I ( r ( G )  - r (G/A))  = 

(32) 

(p2 _ 1)IN~_,/KI(s, - s*) 
i = l  

+ r(K) - r (K/A) .  

Moreover, the following conditions hold: 

g . c . d . ( I A l , I N ~ / K I ) = l  and A < Z ( N , )  f o r a l l i = l  . . . .  , t  

(because G / L  is abelian and K / L  = O ,  tA)(CG(A)/L)), therefore by using 
Lemma (3.1) we get 

st - s? >-_(Ial - 1). INi-~/KI 

and consequently (32) yields 

(33) 

for all i = 1 . . . . .  t, 

t 

I G/KI  . (r(G) - r (G/A))  > Y. (p2 _ 1)IN~_,/KI2(I A I - 1) 
i = l  

+ r(K) - r (K/A) .  

Finally, (30), (31) and (33) imply the required inequality. 

LEMMA (3.3). Let  A be a cyclic normal  subgroup o f  G o f  order a pr ime 

number.  Then we have 

I G/CG(A)I(r(G) - r (G/A))  = r(C~(A)) - r (Ca(A)/A) .  

PROOF. Let us consider a series C c ( A ) = N t  <Nt+l  < - . .  <Nu = G  of 
normal subgroups of G having cyclic factors of order a prime number. By using 
the above notation (with K = L = C6(A)) we have 

u 

I G / C ~ ( A ) I ( r ( G ) -  r (G/A))  = Y~ 
i = t + l  

(pZ _ 1)lN~_,/Ca(A)l(s,  - s?) 

+ r ( C d A ) )  - r ( C d A ) / A ) .  

Furthermore, if {2~h~,..., ~ r~s;} is a complete system of representatives from 
distinct conjugacy N~/A-classes that intersect 2~N~_ l/A, then we have 
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¢ 
si--rN.(x,N,_,)= Y~ ru,(XinjA). 

j = l  

In addition,  x~nj is contained in N , -  N,-I ,  hence x i n j ~ C c ( A )  and conse- 

quently from Lemma (1.10) it follows that rN, (x~ n j A ) =  1. Therefore s~ = s* 

and we conclude the required equality. 

LEMMA (3.4). Let A, L be two normal subgroups of  G satisfying the 

following conditions: A < Z ( L ) ,  A =Cp,  p prime, G/L abelian and 

Op( Ca(A )/L ) ~ CG(A )/L. Then the following inequality holds: 

r(G) - r(G/A) >= 2~lGI). p. 

PRoov. Let us use the inequality (26) for n(A) = { p }. Assume that  2g  I G I. 

I f  Co(A) is properly contained in G we have r(G) - r(G/A) >= 6(p - 1) > 2p. 

I f  C a ( A ) = G  and IG/KI > 3  it is evident. I f  DG/K[ = 3  we have r(K)>= 

r(K/A) + p - 1 (since A <= Z(K))  and consequently 

r(G) - r(G/A) >-_ (p  - 1)(4/3)2 + (p  - 1)/3 > 2p, 

and the inequality has been proved when G has odd order. On the other hand, 

i f  G is a group of  even order, the inequality also holds because 

r ( G ) -  r(G/A) >= p - 1 + ( r ( K ) -  r ( K / A ) / ] G / K I ) >  p - 1 

implies 
r(G) - r(G/A) > p. 

Next we analyse the supersoluble groups o f  the type G = P Xz Ct, where P is 

a p-group of  order p2,+e, with n > 0 and e = 0 or 1, and t a natural number  

dividing p - 1. 

Let A be a normal  subgroup of  G such that  A "~ Cp. Then we have 

Ca(A) = PCr for some t '  dividing t, and by using Lemma (3.3) 

( t / t ' ) . (r (G) - r(G/A)) = r(P ×~ Ct,) - r(P/A ×~ Ct,) 

is satisfied. Let as assume t ' =  1 and e = 0 (that is, C~(A)= P). By using P. 

Hall 's formula (cf. [2]) it follows that  there exist non-negative numbers k, k '  

such that 
r(e)  - r(P/A) = p ( p  - 1) + (k -- k')~p 2 - 1)( r, - I), 

bu~: r(P) > r(P/A ), hence necessarily k - k '  is non-negative, so r(P) - r(P/A) 

~ greater than or equal to p ( p  - 1) and we conclude 
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r(G) - r(G/A) >= p ( p  - l)lt >-_ 2 ~('~'). p.  

Suppose that t '  ~ 1. Putt ing L = P into L e m m a  (3.4) we obtain 

r(G) - r(G/A) > 2~('Gr). p.  

However ,  in general, the above inequali ty is not true, in case t '  = 1 and e = I. 

For  example, for G = Hol(C9) --- C9 × ~ C6 and A = Z(P) the following data are 

true: r(G) = 10, r(G/A) -- r(C3 × Z3) = 9 and r(G) - r(G/A) = 1:~3. Neverth-  
less, in this case, we have I P/A I = p2,, hence there exists Cp "-" B/A <3 G/A 

such that 

r(G/A) >= r((G/A)/(B/A)) + 2~('c'). p 

and consequently we may consider  B <3 G satisfying I B[ = pZ and r(G)>-_ 
r(G/B) + 2~(t~l)p (if n >-_ 1). 

In the following we show the above inequalities for any supersoluble group. 

LEMMA (3.5). Let A, L,  be two normal subgroups o f  G such that A <= L and 
G/L is abelian. Then we have 

] G/L I(r(G) - r(G/A)) >= r(L ) - r(L/A). 

In particular, i rA is cyclic o f  prime order and L = Cz(A ), then tt~e bound is 
attained. 

PROOF. By considering a series L = No < NI < . . .  < N~ = G such that 

N~ <3 G and }N~IN~_ 1} is pr ime for all i, and arguing as in L e m m a  (3.3), this 

result follows immediately.  

In the following, F(G) denotes  the Fitting subgroup of  G, that is, the unique 
maximal  normal  nilpotent  subgroup of  G. 

THEOREM (3.6). Let G be a supersoluble group such that F(G) is not cyclic 
o f  prime order. Then one o f  the following conditions is satisfied: 

(1) There exists p prime and A "-. Cp normal in G such that 

r(G) ~ r(G/A) + 2~(l~t)p. 

(2) There exists p p n m e  such that IF(G)]  = p2"+ I for some n > 1, and there 
exists B <3 G such that IBI = p2 anJ r(G) >_ r(G/B) + 2"(let)/" . 

PROOF. Let us assume that F(G) is p-group for some prime p. Since L: '.. 

supersoluble,  G/F(G) is an abelian group and consequent ly  p does not  d~vi< :: 

IG/F(G)I.  Let A be a normal  subgroup of  G isomorphic  t,~ C, E v i d ~ i '  
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Op(Co(A)/F(G)) is trivial. If  Co(A) = F(G)  then we have G = F(G)  ×~ Ct for 
some t dividing p - 1 and the result follows from the previous commentary to 
the above lemma. On the other hand, if  C~(A) > F(G),  then by using Lemma 
(3.4) with L = F(G),  it follows that 

r(G) - r (G/A)  ~ 2~(l~l)p 

and the theorem is proved. Thus, we can suppose that F(G)  is a nilpotent 

group of  order divisible by at least two prime numbers p and q, with q < p. Let 

AI ,  A 2 be two normal subgroups of G such that A~ --~ Cp and A 2 "~ Cq. If 

Op(C~(A~)/F(G)) ~ C~(A~)/F(G) o r  Oq(C~(A2)/F(G)) ÷ C~(A2)/F(G), 

then again (1) follows by using Lemma (3.4). Therefore we also can assume 

that Co(A~)/F(G) is a p-group and CG(A2)/F(G) is a q - g r o u p .  Since [G/CG(A2) [ 
divides q - 1 and q is less than p, it follows that p does not divide [ G/F(G)] 
and consequently 

O,(C6(A,)/F(G)) = 1 = C6(A,)/F(G). 

Now, bearing in mind Lemma (3.5) with L = F(G)  we have 

] G/F(G)I .  (r(G) - r(G/A2)) > r(F(G))  - r(F(G)/A2). 

Let P (resp. Q) be the Sylow p-subgroup (resp. Sylow q-subgroup) of F(G)  and 

let Tbe the normal subgroup of G such that F(G)  = P X Q × T. Then we have 

r(F(G))  - r(F(G)/A2) = r(P)r(T)(r(Q) - r(Q/Cq)) > p (q  - 1) 

and consequently 

r ( G ) -  r(G/A2)>-_ p ( q -  1)/IG/F(G)I > 2~claD.(p(q - l ) / ( p -  1))> 2¢~lGl~(q- 1) 

(because ]G/F(G)I divides p - 1), so r ( G ) -  r(G/A2) > 2¢(tatJ(q - 1) + 1. 
By using Theorem (2.12) in case ]G] odd, we get r (G)-r (G/A2)=--O 

(mod(q - l)/g.c.d.(] G I, q - 1)), hence necessarily r(G) - r(G/A2) > 2q and 

the Theorem is proved. 

Next we analyse the case IF(G)[ = p, with p a prime number. In this case 

we have: 

LEMMA (3.7). Let  G be a supersoluble group o f  order 

t 

p m  = p • 1-I p~n,+e,, 
i = l  

with p a prime number not dividing m,  p~ ~ pj for each i # j ,  e~ = 0 or 1 and 

p~ prime for all i = 1 . . . .  , t. Suppose IF(G)l = p. Then the following in- 

equalities hold: 
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(1) I f  l G I is odd, 

r(G) > Y, (2hi + ei)Pi -b 
n~v~O 

(2) I f  lG I is even, 

r(G) >-_ Y, (2n, + eg - 1)p, + Y, 
nz~0 nt -0  

~, (Pi - -  1) 1/2 q- ( P  - -  1) 1/2- 
hi- 0 

(Pi -- 1) 1/2 q- ( P  - -  1) 1/2- 

PROOF. Evidently, G is a Frobenius group of  kernel F(G) and comple- 

ment  isomorphic to one cyclic group of  order m.  Thus we have r(G)--  
m + (p  - 1)/m. We consider the following function: 

f ~ (2n i+e i )P i+  Y, ( P i -  1) I/2 i f m i s o d d ,  
n 0 ni--O 

f (m)  = 
(2n~ + e~ - 1)pi + Y~ (Pi - 1) la i f m  is even. 

I n , ÷ 0  ni=0 

It can easily be shown that  the relation m > 2 . f (m)  holds for each natural 

m > 2 .  We see that  r ( G ) = m  + ( p - l ) / m  is greater than or equal to 

f ( m )  + (p  - 1) I/2 = f (mp).  Suppose that  m < (p  - 1) la. In this case we have 

r(G) = m + (p  - 1)/m > f (m)  + (p - 1)/(p - 1) 1/2 = f (m)  + (p  - 1) I/2. 

Therefore we may  assume that  m is greater than (p  - 1) 1/2. Suppose the result 

false, that  is, 

m + (p  - l)/m < f ( m )  + (p  - 1) la, 

then we have 
m < f ( m ) -  (p  - l)/m + (p - 1) 1/2 

and  necessarily f ( m ) - ( p -  l)/m is greater than  0. Further,  2 f (m)  < m 
imp l i e s f (m)  < (p  - 1) I/2, hence m < 2(p  - 1) 1/2 and consequently 

r(G) = m + (p - 1)/m > 2f (m)  + (p - 1)/m 

> f ( m )  + 2(p  - l)/m > f ( m )  + 2(p  - 1)/2(p - 1) 1/2 

= f (m)  + (p  - 1) 1/2 

a final contradiction,  therefore the inequali ty is true. 

THEOREM (3.8). Let G be a supersoluble group of  order I G [ = HI-i p.2n,+,,, 
with Pi ~ Psfo r each i ÷ j ,  ni >-_ O, e, = 0 or 1, and p, prime for all i = 1 , . . . ,  t. 

Then the following inequality holds: 
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r(G) > Y,, 2~o°l)n~pi + ~ ( P , -  1)1/2. 
n ~ O  n~--O 

PROOF. We argue by induction on I G I. If I F(G)I = p, with p prime, the 
result follows from Lemma (3.7). Thus we can suppose that F(G)  is not cyclic 
of  order prime. Now bearing in mind Theorem (3.6) we have two possibilites: 

(1) There exists A "-- C v normal in G such that r(G) > r(G/A)  + 2~tl°l)p. 
Assume that p2, +e is the greatest power of  p dividing ]GI. We now apply 

induction to supersoluble quotient group G/A and evidently we only need to 

analyse the summands relative to prime p in the final summation. Ifp II I G I, it 
is 2~tl°l)p > (p  - 1)u2; i fp  2 [[ [G I it is (p  - 1) m + 2~°al)p > 2~tlal)p; finally, 

i f  2n + e > 3 we have 

2~(tat)(n + e -- 1)p + 2~tlOl)p > 2~(t°l)(n + e ) p .  

(2) IF(G) [ = p2n + 1 with n _>-- 1, and there exists B <1 G of  order p2  and 

satisfying r(G) > r ( G / B ) +  2~tt°t)p. In this case, we apply induction to 

supersoluble group G/B.  Clearly p2n + ] ][ ] G I- If n -- 1, then p II[ G/B I and 
(p  - -  l )  1/2 k- 2~tWt)p > 2~tlOI)p. I f n  >= 2, we have 

2'~ooJ)(n - 1)p + 2'mOj)p > 2n(IOl)np. 

Thus, our inductive argument yields the desirable inequality, in any case. 

Evidently the bound obtained in the above Theorem improves M. Cart- 
wright's bound given in [1 ]. 

Next we analyse the residue class of  r(G), modulo the "best" number given 
in terms of  the primes dividing [ G [. 

LEMMA (3.9). Let  a~ . . . . .  at, m be natural numbers such that a t -~ 1 

(mod re) for  all i = 1 . . . . .  Then the following congruence holds: 

t t 

1] ai ~ Y. ai - (t - l) (mod m2). 
i - I  i - I  

PROOF. We argue by induction on t. In case t = 2 we have 

ala2 = (al - 1)(a2 - I) + al + a2 - 1 ~ a l  + a2 - 1 (rood m2). 

Suppose t >_- 3. We have a2. • • at ~ 1 (mod m), hence our induction argument 

yields 

t t 

[I aj----am + (a~ . . . a t )  - 1 -----a~ + Y. a~ - (t - 2) - 1 (mod m2). 
i - - I  i - 2  
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Let G be a finite group of order Ht~_i p2n,+e,. Evidently we have p; ~---1 
(mod d(I G I)), hence by using Lemma (3.9) we conclude that 

t 

(34) IGI ~ Y~ (2n, + e i ) ( p , -  1)+  1 (modd(IGI)2) .  
i = l  

On the other hand, we have r ( G ) ~  I GI (mod d(I G I) 2) (cf. [5]) hence r(G) is 
congruent to the above summation modulo the number d(I G I )2. 

Now we may prove 

THEOREM (3.10). Let G be a supersoluble group o f  odd order ]GI = 
1-I[_~ p]~,+e,, with p~ ÷ pj for each i # j ,  p~ prime, n~ a non-negative integer 
number and ei = 0 or 1. Then the number o f  conjugacy classes o f  G is o f  the form 

t 

1 + ~ ( 2 n i ( p t -  1)+ei lzp , )+k.d( lGI)  2 
i ~ l  

for some non-negative integer number k. In particular, G has at least 

t 

1 + ~ (2n,(p~ - 1) + ei/tp,) 
i z l  

conjugate classes. 

PROOF. It follows easily from (34) that we only need prove the inequality 

t 

r(G) > 1 + ~ (2n~(pi - 1) + ei/tp,). 
i = l  

We argue by induction on I G I, reasoning in a similar way to that in Theorem 
(3.8). If IF(G)I = p ,  P prime, then we have G = C p X I C m ,  r ( G ) =  
m + (p - 1)/m = m + #p and the inequality is trivial. 

Assume that F(G) is not cyclic of prime order. By using Theorem (3.6) we 
may restrict ourselves to one of the following conditions: 

(1) There exists A ~- Cp normal in G such that r(G) >--_ r(G/A) + 2p. Let 
p2n +e be the power ofp  occurring in I G I. By applying inductive hypothesis to 
supersoluble group G/A we only need to analyse the summands relatives to 
prime p (because if q is a prime dividing I GI and q ÷ p, then it is 

/tq( I G/A l) >/tq(I G I)). I fp  II I a I, we have 2p > #q(I G I), i fP 2 II I a I we have 
2p + / t p > 2 ( p -  1); if p3 II IGI we have 2p + 2 ( p -  1 ) > 2 ( p -  1) +gp;  if 
p '  II I GI we have 2p + 2(p - 1)+/~p > 4(p - 1); and finally, if 2n + e _-> 5 
we have 
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2p + 2(n + e - 1)(p - 1) + (1 - e)#p >_- 2n(p -- 1) + e/lp. 

(2) IF(G) [ = p2, + 1, with n > 1, and there exists B ~1G such that f B I = p2 

and r(G) > r(GIB) + 2p. Again we apply the inductive hypothesis  to G/B. I f  

p3 ]] I G ], t h e n p  ]] I G/B I and we have/zp + 2p  >_- 2 (p  - 1) + #~; i f 2n  + e > 5 

we have 2(n - 1)(p - 1) + #p + 2p  > 2n(p - 1) +/tp.  In any case, we obtain 

the desired inequality. 

REMARK. Let p,  q be two odd  pr ime numbers  such that q divides p - 1. 

Then the group Hol(Cp, Cq) attains the bound  given in (3.10). Thus our  results 

are in this case best  possible. 

THEOREM (3.11). Let G be a supersoluble finite group and let p be the 
smaller prime number dividing I G I. Assume that pa II I G I. Then there exists a 
non-negative number k such that 

pa .r(G) = (p + l)(p a - -  I) q- r(Op,(G)) + k .(p2 _ l).d(l G I). 

PROOF. Let P be a Sylow p- subgroup of G. Since G is supersoluble we have 

G = Op,(G)×~ P. Evidently, there exists a series 

Op,(G)= No <N, < . . . <Na =G 

satisfying N~sIG and Ni/N~_1=(-rci)'oCp for all i=l,...,a. Set si= 

rlv,+,(xiNi). Arguing as in Theorem of [7] we have 

a 

p" .r(G) = Y~ (p2 _ l)pa-~Sa_~ + r(Op,(G)). 
i=I 

Fur thermore  s~-i = 1 + ka-t  . d ( ) G  I) for some ka_~ > 0. Therefore we con- 

elude the desirable equality. 

In particular, i f  G is a supersoluble group of  even order, then we have 

2 a .r(G) -- 3(2 ° - 1) + r(O2,(G)) + k .3 ,  

where 02,(G) is a supersoluble group o f  odd order. Thus  the number  r(O2,(G)) 
can be est imated by using Theorem (3.10). 

4. The number ro(N) 

In this section we analyse the number of conjugacy classes that make up the 
normal subgroup N. 
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THEOREM (4.1). Let N be a normal subgroup o f  G. Then there exists a non- 
negative integer number k such that 

r"(G) = r~(N) + r"(G/N) - 1 + k .d([ G [)d([ G/NI). 

PROOF. Let us consider the following decomposition: 

[G/N], { 1} t3 ~J d(l~ml) U -/'i = C l ~ ( g )  ), 
j ~ l  i - I  

w h e r e / =  / (G/N)  and G = G/N. Then we have r"(d)  = 1 + u-d( I  d I) and 

r"(G) = r~ (N) + ~ d( IG I)r~ (giN). 
j--I  

On the other hand, for each n-element g of G we have 

r~ (gN) = 1 + kgd(I G I) for some kg > 0, 

hence we conclude the desirable equality. 

In case n = n(G) we can improve the above equality. Indeed, for each 
element g E G we have 

r~(gN) = I N/(N n Nc(gN)')l + k~.d(INa(gN) l) 

for some non-negative integer k~ (cf. [12] Corollary (3.21)). Furthermore 

IN/(N n Na(gN)')l = IN/(N n G')I I(N n G')/(N o Na(gN)')I 

-~ I N/(N N G91 (mod d(I G I)), 

hence there exists k'~ > 0 so that 

r~(gN)= IN/(N n G')I + k"g.d(IGI). 
Thus we have 

r(a) = ra(N) + ~ d(I ~ I)" r~(&N) 
j--I 

= ra(N)+ [N/(N n G' ) I (r (GIN)-  1) 

+ k- d(I G I)d(I G I) for some k >_- 0 

and we have shown the following result: 



122 A. VERA-LOPEZ AND M A C. LARREA Isr. J. Math. 

THEOREM (4.2). Let N be a normal subgroup of  G. Then there exists a non- 

negative number k such that 

(35) r(G) = rG(N) + I N / (N  :~ G')I(r(G/N) - 1) + k .d ( I  G I ) 'd ( IG I). 

EXAMPLES 

(1) Assume that G is a finite p-group for some prime number p. In this case, 
there exists k > 0 such that 

r(G) = r~(N) + IN/(N N G')I(r(G/N) - 1) + k . (p  - 1) 2. 

In particular, putting N = Z(G) in (35) we get 

r(G) = IZ(G)I + IZ(G)/(Z(G) N G')I(r(G/Z(G)) - 1) + k . (p  - 1) 2, 

and putting N = ¢(G) in (35) (where ¢(G) is the Frattini subgroup of G), then 
we have 

r(G) = r~(~(G)) + I~G)/G'I(I  G/~G)I  - 1) + k . (p  - 1) 2, 

since G ' =  [G, G] is contained in ~G) .  
(2) Let Nbe  a normal subgroup of a finite p-group G such that N _-< ¢(G) and 

G/N is abelian of type ( p ' , , . . . ,  pt,). Then we have ~ G / N )  = ~ G ) / N  and 
clearly ~ G / N )  is of  type ( f , - ~  . . . . .  f , -~) ,  where 

$ 

G/O(G) " ~  C, X ... X Cp. 

We have 

IO(G)/G'I ffi IO(G)INI INIG'I ffi f,+.-.+O-,. INIG'I 

and consequently there exists k > 0 such that 

r(G) = r~(C(G)) + f1+ ".+0-~ [ N / G ' I ( f  - 1) + k - ( p  - 1) 2. 

(3) Let us consider the upper central series of a finite p-group G: 

1 = Z 0 < Z l  < ° ° °  < Z c _ ~ < Z c = G ,  

where Zl -- Z (G) and Zt + ~ = Zt + i(G) is defined by Zt + i/Zi = Z(  G/Zi ) for each 
i ffi 1 . . . .  , c -  1. The number c -  1 is called the nilpotent class of  G. Evi- 

dently we have 

r(G) = I Z(G)I + ~ r~(Zi - Z~_ ~) 
i - 2  

and 
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Thus we conclude 

ro(Z i  - Z i + , )  = Y~ r o ( x Z i _ l )  
x~zdz~-, - { f} 

= ( I Z d Z ~ _ , l  - 1 ) ( I Z ~ _ / ( Z , _ ,  n G')I)  

+ k i ' ( p  - 1) 2 for some ki R 0 .  

r ( G ) =  IZ(G)I  + ~ (IZdZ,_,l - 1 ) l Z , _ l / ( Z i _ ,  f~ G')l 
i - 2  

(36) 
+ k ' . ( p  - 1) 2 

for some k '  >_- 0. 
Let N be a normal subgroup 

IN} =pm'=p2n'+e' with n ' > 0  and e ' = 0  or 1. 

(mod ( p  - 1) 2) and 

IN[ ~ n ' ( p  2 -  1 ) +  p e ' = - - - 2 n ' ( p -  1 ) +  p r  (mod ( p -  1)2). 

Thus we have 

r ~ ( N ) = 2 n ' ( p  - 1) + pe" (mod ( p  - 1)2). 

Let us consider a series 1 = No < N~ < • • • < N,, .  = N such that N~ <3 G and 

N~/N~_, = (X~ > ~-- Cp for all i. Then we have 

m t 

r o ( N )  = tN, I + ]~ ro (x~N~_ l ) (p  --  1) 
iffi2 

and 

r o ( x , N , _ , )  = IN~_~/(N,_~ 0 G')I + k~(p  - 1) 2 

Therefore 

r o ( N )  = p + ( p - 1) 
i = 2  

IN~_, / (N~_,  N G')I + k ' . ( p  - 1) 2 

of  a finite p-group G and assume that 

We have ro(N) = [ N I 

This latter information gives us 

In particular ro(N)>-_ ( m -  1 ) ( p -  1 ) +  pe'. Furthermore,  equali ty holds if  

and only ifrG(x~N~ _ ,) = 1 for all i, that is, x~N~_, = Clo(x~) for all i. In this case 

we have I CG(x~)[ = I G / N ~ - , I  and 

A~u=(IGI , . . . . . .P- '  , I G I , . . . , I G / N m - , I ,  . . . .  P - ' .  . , I G / N , , - , ] ) .  

with k '  >= 0. 

for some k,- > 0. 
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THEOREM (4.3). Let  N be a normal  subgroup o f  a f inite p-group G and 

suppose that INI = p2n'+e' with n'  > 0 and e' = 0 or 1. Then there exists a 

non-negative integer number  k such that 

r~(N) = 2 n ' ( p  - 1) + p e ' +  k . ( p  - 1) 2. 

Further rG(N) = 2 n ' ( p  -- 1) + p "  i f  and only i f  

A~ = (I G I,. .p.--l. . ,  I G I . . . . .  I G /NI  p,  . .v.-'. . ,  I G ~NIp) .  

REMARK. Let G be a non-abelian group of  order p3 and let N be a normal  

subgroup o f  order p 2. Then we have r~(N) = 2(p  - 1) + 1 and 

A~ ---- (p3, . .p._l . .  , p3, p2,. .p._l. .  , p2). 

Let G be a finite p-group and let N,  M be two normal  subgroups o f  G such 

that M < N and N / M  < Z ( G / M ) .  Then 

r ~ ( N - - M ) = ( I N / M I  -- 1 ) I M / ( M A G ' ) I  + k . ( p  - 1) 2 for some k > 0 .  

In particular r~(N- M)>  I N/MI - 1 a n d  r~(N- M)=  I N/MI - 1 i f  and 

only if  

A~-M = (I G / M  I , . . . . . . .  l~¢/ul -I  ,I G / M  I ). 
We have 

THEOREM (4.4). Let  N be a normal  subgroup o f  a f inite p-group G and  let o~ 

be the greatest subscript such that N ¢- Z ,  (hence N c_ Z~ + i). Then the fol lowing 

assertions hold: 

(i) INI > p ,~+l .  

(ii) r ~ ( N ) - - - I N N Z ~ I  + Z T - ~ I ( N N Z j + ~ ) / ( N N Z ~ ) I - o t + k . ( p -  1) 2 for  

some  k >= O. Furthermore,  k = 0 i f  and  only i f  

A~ = (I G I, • • • ...,l~v~z'l I GI', I G / ( N  n ZO, ...l('v ~ z~¢,v,-,z,)l . . . . . . . . . .  -* , I G / (N  n ZOI; 

. . .  ; IG / (N  n Z J I ,  I(NNZ*+I}/(NAZ)I--I , I G / ( N  n zJI). 

/ f k  > 1, then we ha ve 

r~(N) > lN n z l l  + ~ I(N nZj+l)/(N nZj)l - a + ( p - 1 )  2 
j = l  

>(0~+ 1 ) l N I 1 / ( = + l ) - o ~ + ( p -  1) 2. 
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PROOF. Since N is not contained in Zj for each j < a we have N n Zj < N 
and there exists Nj gl G such that Nj < N and Nj/(N n Zj) ~-- Cp. Therefore 
NJ(N  O Zj)is a subgroup o f (N N Zj + J/(N N Zj)and (N N Zj +1) -- (N n Zj)is 
a non-empty normal subset of  G for everyj  < a. Now, let us consider the chain 

I < N  OZt  < N  O Z 2 <  . . .  < N  O Z ~ + t = N .  

Then necessarily I N I >= P~ + ~ and 

ra(N) = IN n Z~I + rG(N n Zj+I - (N n Zj)), 
j ~ l  

where (N O Zj+~)/(N n Zj) < Z(G/(N G Zj)). Thus, all the assertions are a 
direct consequence of the previous commentary to (4.4) and from the fact that 
the ar i thmetic  m e a n  o f  a + 1 numbers  is larger than or equal to the geometr ic  

mean of such numbers, that is, 

(a + 1)(1/(a + 1 ) ) ( I N N  Z~I + ~ I (NN Zj+I)/(N N Zj), ) 
\ j=l / 

( ) l/(a+ 1) 
> ( a + l )  (I I N A Z I I . ( I N A Z j + ~ I ) / I N A Z j l )  

j=l 

= ( a +  1)INI I/¢~+l). 

COROLLARY (4.5). For each finite p-group G, either 

A ~ = ( I G I ,  . . . .  pz, i , IGI ' , IG/Z~I ,  . . . . . . .  i z ¢ z , i - ] . , l G / Z , i ;  

. . .  ; I G/Z~_~ I; .I .~/.z _.,i._ ~., I G/Z¢_~ I) 
or 

r ( G ) > c l G I  ~ - c - ( c -  1 ) + ( p -  1) 2 , 

where c - 1 is the nilpotent class of  G. 

(This result refines Sherman's inequality given in [6].) 

THEOREM (4.6). Let i be the first subscript such that Zj 9£ G' and suppose 
that G is a finite p-group of  nilpotent class c - 1. Then the following inequality 
holds: 

r(G) >= c([ G [ p C - i - l )  l/c - ( c  - i - 1)p - i + 1. 

PROOF. By using (36) we have 
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i 

r(G)>= ~ (IZ/Zj_,l - l)p + X ( I Z / Z j _ , l  - 1)+ 1 
j = i + l  j = l  

i 

= Y, I Z / Z j _ l l p +  
j = i + l  j = l  

Zj/Zj_~ I - (c - i - 1)p - i + 1 

(fi ),,c ~ c  ( I Z J Z j - l l P )  l-I Zk /Zk- l l  - - ( c - - i - - 1 ) p - - i + l  
j = i + l  k ~ l  

= c ( I G l p C - i - ' )  l / c - ( c - i  - 1)p - i  + 1. 

REMARK. I f  Z ( G ) ~  G', t hen  the  fol lowing inequal i ty  holds:  

r(G) > c(t G I pC-Z) 1/~ - (c - 2)p.  

N o w  let us consider  the lower central  series G > }'2 > • • • > Yc = 1 o f  a 

finite p-group G, where 

Y 2 = G '  and  Yi+I=[Y i ,  G ] = ( [ x , Y ] I x ~ Y i , y E G ) .  

Let  N be a no rmal  subgroup o f  G and  let fl be the greatest  subscript  such tha t  

Yp ~ N .  Then  we have  the fol lowing chain: 

G = N Y o > N Y I > N Y 2 > . . "  > N Y ~ > N Y p + t  = N  

and  consequent ly  I G / N  I >-__ pP + l. Fur the r  

p+l  

ro(G - N)  = Y~ rc(NYi_l  - NYi)  
i = l  

where  NYi_ , /NY i  <Z(G/NY~) .  Thus  we can establish a s imi lar  result  to 

T h e o r e m  (4.4): 

THEOREM (4.7). Let  G be a finite p-group and let N be a normal subgroup o f  

G. Let  fl be the greatest subscript such that Yp ~= N.  Then we ha ve the following 

affirmations: 

(i) tG/NI  > p~+'. 

(ii) ro( G - N). = zP + lt I NY~_ ~/NY~ I ~ , - 1) + k . ( p - 1)2 for some k => O, 

(iii) rc( G - N)  > (fl + 1). I G/N[ 1/(p + ° - (fl + 1). 

(iv) Either r~(G - N)  = E(=+~I(INY~_ ~/NY~ I -- 1), where 

G ~ . . . . . . . . . . . . .  o * * , o  • AG-N = (I G/NI *NrdNI - ~ , I G/NI;I  G/NYp I, INr~_,/Nrpl-, , I G/NYp I, 

• . .  ; IG/NYII ,  . . . . .  IO/NY, I-I. . . ,  IG/NYII) ,  
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or 
6'+1 

r o ( G - N )  > Y, ( I N Y ~ _ ~ / N Y ~ I  - -  1 ) + ( p  - 1) 2 
i ~ l  

>_- (f l  + I ) .  I G / N I  ' ' tp+') - (13 + I )  + ( p  - I )  2. 

REMARK. Putting N = 1 in (iii), we again get Sherman 's  bound  given in [6], 
and in (iv) we improve it. 
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