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ABSTRACT

In this work we obtain new properties connected with the number of
conjugacy classes of elements of a finite group, through the analysis of the
number r;(gN) of conjugacy classes of elements of G that intersect the coset
gN, where N is a normal subgroup of G and g any element of G. The results
obtained about this number are not only used in the general problem of
classifying finite groups according to the number of conjugacy classes, but
they also allow us to improve and generalize known results relating to
conjugacy classes due to P. Hall, M. Cartwright, A. Mann, G. Sherman,
A. Vera-Lopez and L. Ortiz de Elguea. Examples are given which illustrate
our improvements.

Introduction

Throughout this paper, G denotes a finite group and n a set of prime
numbers. Notation used without further explanation is standard. In addition,
7(G) denotes the set of all primes dividing the order of G:|G|; r*(G) the
number of conjugacy classes of n-elements of G and r(G)=r"“(G). If Sis a
non-empty subset of G, [S], denotes the set of all z-elements contained in S,
and r%(S) the number of conjugacy classes of m-element of G that intersect S. If
S is a normal subset of G and [S], is disjoint union of the conjugacy classes
Clg(x), ..., Clg(x,), ordered so that |Cg(x)| = --- = |Cs(x;)|, then we
define
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nAg =(|CG(x1)|a ey ICG(xs)|)°

In particular, A; = ;A% denotes the conjugacy-vector of G. Let N be a normal
subgroup of G. Then for each coset gN, we write ,ASy instead of ,Af, __ v (by
abuse of notation!), and we also write ASy = A%, in case 7 = n(G). In
general, we will use the following convention: when n = n(G), the symbol n
will be dropped from all above notation.

Every element g of G has a unique decomposition g = g, g, = g, &, into a
n-element g, and a 7’-element g,., where n’ denotes the complementary set of
primes with respect to x.

If S, and S, are two non-empty subsets of G, we define

Ts, 5= ((X, )ES, X S, | xy = yx},

and if p is a prime number dividing 7, then we write p? || n to indicate that p°is
the greatest power of p dividing n, that is, p? In, but p**'¥n. We write
Up(n) = a, in this case. Two n-tuples (u,,...,u,), (v, ..., v,) are said to be
~ -equivalent, whenever {u,, ..., u,} ={v;,...,v,}. Let |G| =¢g{"- - -q™ be
the prime decomposition of the order of G. Finally, we define the following
numbers:

d=d(|Gl)=gcd(q—1,...,q— 1),
d=0(1Gl)=gcd(gi—1,...,q¢7 — 1),
Uo = U (1G 1) =(q; — D/g.c.d.(IG], g — 1),

n = n(n) =1 or 0 according to whether # is an odd or even number,

and
alnGl =g.C.d.(p|2— 19 ) p3 - 1’ Pus1— 19 ey Dt 1)3

where n(G)Nma={p,...,p,} and A(G)={pys..., Pus Dus1s---» D }; IN
case 7(G) N n = & we define d7;, = d(| G|). Evidently, 6% = 6(| G |).

When a finite group is analysed in a simple way from some of its subgroups,
information about the number of conjugacy classes of G can frequently be
obtained from a knowledge of properties of the numbers r;(gN), g EG, by the
use of some inductive principle to transfer the information to the whole group.

Specifically we shall prove the following results in Section 1:

(1.A) Let N and M be normal subgroups of G suchthat N =< Mandletg €G.
If {gm,,...,gm,} is a complete system of representatives from distinct
conjugacy classes of G = G/N that make up the normal set U, £*M, then
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t
= rG(g-M)a rg(gM) = 2 rg(gm,N) and nAfM ~ (nAgGmlNa cey nAgm,N)~
i=1

(1.B) Let Nbe a normal subgroup of G and let g be an element of G such that
o(g) and |N| are relatively prime numbers. Suppose that g is a n-element of
G = G/N. Then we have

ri(gN) =&, (Cx(g)) and A%, =,A%E.

(1.C) Let 4 be an abelian normal subgroup of G and let gbe an element of G.
Set

A = A/[g, Cryea)(4)] and B = Ng(g4)/[g, Cryeay(A)]

and suppose that g is a n-element. Then r%(g4) = r3(g4) and A = ,,Af,;.
Consequently the following inequality holds:

re(8A) = | C4)1/ 118, Creien)(A)VI8, A1,

and the above bound is attained if and only if g4 is contained in Z(B). In
particular, if A = Z(N;(gA)) we get ri(gA) = |A/[g, N;(gA)]|, (here, m, de-
notes the n-part of the number m). Furthermore, if |4 | = p, with p a prime
number, then

1 ifg$Z(CNg(gA)(A))

re(gA) = {
1+ (p — 1)/|NG(84) Croen)(A)|  if §E Z(Clyg4)(A4))
holds.

(1.A) is a reduction lemma; by using (1.A) one can analyse the numbers
r%(xM) in terms of the numbers r% (yN). Frequently (1.A) and (1.B) are jointly
used. Further, (1.B) allow us to get the conjugacy-vector Ay, x of a semidirect
product N X; K, in terms of the tuples Ay and A, and the action A, when-
ever |N| and |K| are relatively prime numbers. In particular, here we
shall establish a result which generalizes P. Hall’s result (unpublished) (cf. [3]
V.15.2) and we obtain the number of conjugacy classes in a finite supersoluble
group, by considering an ordered Sylow Tower. (1.C) discusses new properties
about the number rZ (g4), which are used for classifying finite groups accord-
ing to the number of conjugate classes (cf. [7]-[13}).

In Section 2 we prove the following congruences for each N normal subgroup
of G:

(2.A) r*(G)==|G/N|r*(N) (mod 6{s/n,).

(2.B) r*(G)=r*(G/N)r*(N) (mod d(| G |)67sm))-
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(2.C) If ¢ divides /v, , then the following congruences are equivalent:
(i) r(G)=|G| (mod ),
@ii) r*(N)=|N| (mod ).

(2.D) If ¢ divides d(|G |}, then the following congruences are
equivalent:
(i) r(G)=1|G| (mod t),
(il) r(N)=|N| (mod ?’),

in particular, if NV is an abelian normal subgroup of G, then (2.D) yields

(2.E) r(G)=1|G| (mod d(|G|)d6v),
and from (2.E) the following generalization follows easily:

Q2.E) r(G)=|G| (mod d(|G )8 6.,
whenever A is an abelian subnormal subgroup of G.

The above congruences are substantial improvements of known congru-
ences of A. Vera-Lopez and L. Ortiz de Elguea (cf. [12]) and A. Mann (cf. [4]).
(2.E’) can also be obtained by arguing as A. Mann in [4] p. 83 and by using Itd’s
Theorem about the degrees of complex irreducible characters of a finite group.
However, our proofs of all the above congruences are elementary, because no
result of Character Theory is used.

On the other hand, the number of conjugacy classes of a supersoluble finite
group has been investigated by M. Cartwright (cf. [1]), by showing the
following inequality:

r(G)= 0.6log,|G|.

The above logarithmic bound for supersoluble groups can be improved,
arguing in a different way. Suppose that |G| =TI/, p?*% is the factoriza-
tion of the order of G in primary powers, being 7, = 0 and ¢; = 0 or 1 for all
i, and suppose that G is supersoluble. Then we get the following results
(into Section 3):

(3.A) rG)z L 2"np+ L (p— D™

n#0 n=0

(3.B) If 24| G|, then there exists a non-negative integer number k such that

HG)= 3 @m(p;— 1)+ e)+1+k-d(|G|)>
=1

-

Evidently, (3.A) and (3.B) improve M. Cartwright’s bound; indeed we sub-
stitute for the logarithmic function another, which increases more quickly.
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On the other hand, if G is a supersoluble group and p is the smallest prime
number dividing | G |, then there exists a non-negative number k such that

B0 p?-r(G)=(p + 1Xp* = 1)+ 10, (G)=k-(p*—1)-d(|G)),

where p? is the greatest power of p dividing |G |. In particular, if G has even
order and 2° || |G| then we have

22.r(G)=3:2° - 1)+ r(0,(G)) + k-3 for some k = 0,

and the number r(0,(G)) can be estimated by using (3.B), since 0, (G) is a
supersoluble group of odd order.

Let N be a normal subgroup of G. In Section 4 we analyse the number of
conjugacy classes that make up the normal subgroup N, that is, r5(N).

We obtain the following results:

(4.A) There exists a non-negative number k such that

r'(G)=ri¢(N)+r(G/N)—1+k-d(|G|)-d(|G/N}).

The above equality is improved in case 7 = 7(G):
(4.B) There exists a non-negative number k such that

r(G)=rs(N)+ |[N/(N N G)(r(G/IN)— 1)+ k-d(|G/N (|G )).

In particular, when G is a finite p-group and putting N = Z(G) or ¢(G) in
(4.B) ((G) denotes Frattini’s subgroup of G), we get

(4.B) r(G)= |Z(G)] + | Z(GI(Z(G) N GY((GIZ(G) — 1)+ k-(p — 1)},
(4.B”) 1(G) =r5(HG)) + |KG)G'|(IG/KG)| — 1)+ k-(p — 1)

We also analyse the number r(G) of conjugacy classes of a finite p-group G, in
terms of the nilpotent class of G and of the cardinalities of terms of the upper
central series, and we refine Sherman’s inequality given in [6].

1. The number r%(gN)

LEMMA (1.1). Let N, M be two normal subgroups of G such that N < M and
let g be an element of G. If {gm,, . . ., gm,} is a complete system of representa-
tives from distinct conjugacy classes of G = G/N that make up the normal set
U ;ec &M, then

_ {
=ro(gM), rz(gM)= X ri(gmN) and A%, ~(AGuw; - - - » xAGmn).
i=1
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ProOF. We claim that [U,cqgM], =U ;- [U,ec(gm;)*N],. Indeed,
clearly (gm;)*Nis a subset of g’M forallzEGandeachi =1,...,¢, hence D
is evident. On the other hand, if (gm)* is a n-element, with m € M, then there
exists y € G such that (gm)* = (¢r,)’ for some i, so that (gm)* is an element of
(gm;)’N and thus equality holds. Further, if there exist x, y€G and n,, ,EN
such that (gm;n,)* =(gm;n,)’, then (gm;)* =(gm;)’, that is, gmm; is G-
conjugate to £r;, and consequently i =j. Now, (1.1) follows immediately
from the above disjoint union.

LEMMA (1.2). Let N be a normal subgroup of G and let g be a n-element of G
such that o(g) and | N | are relatively prime numbers. Then we have r% (gN) =
e (Ch(@)) and Ay = AZE.

ProoOF. Let us prove that gCy(g) contains a complete system of representa-
tives from distinct conjugacy classes that intersect the coset gN. Let gn be an
element of gN such that o(gn)=o0(g). By using the Schur-Zassenhaus
Theorem (applied to N{(g)), {gn) is N{g)-conjugate to (g), hence there exists
g'n’, with n’ €N such that gn = (¢/)¥" = (¢)" for some j coprime to 0(g) =
o(g). Consequently ¢ = ¢’ and necessarily j = 1. Thus gn is G-conjugate to g
and there exists just one conjugate class of elements of order o(g) contained in
U .ccg*N. Suppose that o(gn) # o(g). Clearly, o(gn)=o0(g)-¢ for some ¢
dividing {N|, and by using Bezout’s Theorem, there exist integer numbers u
and v such that 1 = u-0(g) + v-t. Therefore gn = (gn)*-m with k = tv and
m = (gn)°® lie in Cy(gn). Further o((gn)') =o0(g) and g.c.d.(k,0(g)) =1
imply o((gn)*) = o(g), so (gn)* = g*' for some x €EG and (gn)* = g - m*, with
m* €(Cn((gn)*))* = Cy(g). Thus we have r;(gN) = rs(gCy(g)).

On the other hand, for any n,, n,€ Cy(g), gn, and gn, are G-conjugates if and
only if gn, = g* - nJ for some x €EG, but then

g = (8M)zoien = (8" * M)nioten = 8
hence gn, is C;(g)-conjugate to gn,. Therefore
r6(8Cn(8)) = reye(Cn(8))-
Furthermore for each n € Cy(g) we have
Ce(gn) = Ce(g) N Cg(n) = Ceyq)n),
thus we conclude the desirable equalities.

COROLLARY (1.3). Let N be a normal subgroup of G and let g be a
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n-element of G. Suppose that g.c.d.(o(gN),| N |) = 1. Then the following equali-
ties hold: i
r&(@N) = réem (Cu(g™) and AS = ASEm.

PrROOF. Set G = G/N. We have o(g) = |{(g)N/N| =o0(g)1{g) N N|, and
by using Bezout’s Theorem, there exist integer numbers # and v such that
1 =uo(g)+v|N|. Consequently v is coprime to o(¢) and we have gN =
(g'")*N, being g.c.d.(v, o(g'V')) = 1. Now from [12] Th. (3.12) we conclude

nAgN = RA AG

G =
(glNI)VN n gININ'

On the other hand, o(g) divides | (g)N| = o(g)| N |, hence (g'V)°® = 1 and
so o(g'V) divides o(¢g), whence g.c.d.(o(g'"'),|IN|)=1 and (1.3) follows
directly from (1.2).

THEOREM (1.4). Let G be a semidirect product of N by H with action A, that
is G =N X, H. Suppose that g.cd(|N|,|H\)= 1 and let {(h, =1, h,, ..., h;}
be a complete system of representatives from distinct conjugacy classes of a n-
element of H. Then the following affirmations hold.

(1) r(G) = Z|., ré,my(Cn(h)), being Cg(h;) = Cy(h;) X, Cy(h;) for each
i=1,...,t

(2) 28 ~ GACE), - - - » PACH)-

ProoF. This result follows directly from (1.3).

EXAMPLES

(1) Let G be a supersoluble finite group. Then G possesses an ordered Sylow
Tower, that is, there is a series | = Gy < G, < - - - < G, = G of normal sub-
groups of G such that foreach i =1,...,s, P, = G;/G,;_, is isomorphic to a
Sylow p;-subgroup of G, where p,, ..., p, are the distinct prime divisors of
|G| and p,> p,> - - - > p, (cf. [3] p.715, VI.9.1). Now from Zassenhaus’s
Theorem there exist actions 4;,i =1,...,s — 1 such that

G=[[[[P Xy, PI X3, P} X «+1X;,_, P,

and by using repeatedly Theorem (1.4) the tuple A; can be obtained.
(2) Let us consider the following semidirect product:

G=NX,H=[[C;XG] X, G] X;(C; X C))=(d,, dy, ) X; (by, by)

with relations
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d]b'=d1—l d{’z=dl_l
de=d| b

l=d_1 b=
{d' did, 4 = d; =4,

eh=e eh=e"!

Evidently, we have
Ce(b) = (e)(by, by), Cg(b)=(d)(b,b,) and Cg(hib)) = (d\)(by, by).

Therefore Ay = AZS) = (12,6) and similarly Ay = (12,6)= A§, y. Also we
have A§ = (108, 54, 18, 18, 9), therefore

r(G)=11 and A;=(108,54,18,18,12,12,12,9,6,6, 6)

(notice that it is easy to get the number of conjugacy classes that make up a
normal subgroup, whenever the conjugacy relations are known!).

(3) Let p, q be two prime numbers satisfying p=1 (mod g). Let p be the
unique non-abelian p-group of order p* and exponent p, then

P={ab l a’ =1=>?, [a, b] centralizes a and b).

Let ¢ be such that o(f)=gq in ((Z/pZ)=*,-)=C,_,. Let us consider an
automorphism « of P defined by a*=a‘ and b*=b'"". Let G = Hol(P, {a)).
Then

|G| =p’q and r(G)=rs(P)+(q — Dre(aP),

inasmuch as rg{a’P) = rg(aP) forallj=1,2,..., g — 1. Further,
r6(aP) = e (Cp(e)) and  Cpla) = ([a, b)),
hence r;(aP) = | Cp(a)| = p. But

re(P)y=|Z(P)| + (IP| — |Z(P)|)pg = p + (P’ — 1)/g,

therefore
rG)=p+(p*—Dlg+(@—1)p=pg+(p*—1)g.
Finally
~(AP:A ---- ’AgP)
~(pq,.%., p°¢, p% .50 p% pa, . T pa).

LEMMA (1.5). Suppose that G =N X,; H with gcd.(|N|,|H|)=1. Let
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{ny=1,ny...,n} be a complete system of representatives Sfrom distinct
conjugacy H-classes of n-elements of N. Then we have

r"G)= Y o) (CH(nj))'
j=1
In particular, if N is abelian, the following equality holds:
(1) r'(G)= % r"(Cuy(n)).
Jj=1

ProoF. From Lemma (1.2) we deduce

) r(G)=r§ ( U hCN(h)) .

heH
In addition,

[ U hCN(h)]ﬂ=[ U CH(")HL=[ CJ U CH(n)n]n.

heH neN j=1 n€Cly(nj)

Consequently (2) yields

G)= S rE(Culnm).

=
Since |N| and | H| are relatively prime numbers it satisfies

r&(Cu(nn;) = Cotn) (Cu(ny)) for all j,

thus we conclude the required inequality.

In particular, if N is an abelian group, we have Cg(n;) = N X; Cyx(n;), being
g.cd.(IN|,|Cy(n)|)=1, therefore riy, c,,(n,)(CH("j)) =r*(Cyg(n;)) and (1)
follows immediately.

In the following, O,(G) and O,.(G) denote (respectively) the largest normal
subgroup of G of p-power order and the largest normal subgroup of G of order
coprime to p.

Let G be a group of order p?**¢, with p a prime, n a non-negative integer,
and e =0 or 1. Then the number of conjugacy classes of elements of G is
of the form

3) (n+k(p— DX p*—1)+p*
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with k a non-negative integer. In particular G has at least n(p?— 1)+ p*
classes. This was established using representation theory by Philip Hall [2] (see
also [3)). Later, J. Poland (cf. [5]) and A. Mann (cf. [4]) have shown the above
result without using character theory.

Next we generalize this result, when G is an extension of an abelian group by
a p-group. In fact, from (1) and (3) there follows directly the following result:

THEOREM (1.6). Let G be a finite group and let N be an abelian normal
subgroup of G such that G/N is p-group. Let n be a set of prime numbers such
that pEx and let {x,, ..., x,} be a complete system of representatives from
distinct conjugacy G-classes of n-elements of O, (N); then we have

’"‘G’=(.~‘i n,-)<p2— 1)+( ) p@)+k(p2— (e - 1),

i=1

for some non-negative integer k and p*"*4 = | Cp(x;)|, withn; =0, ¢, =0 or 1
foralli=1,...,tand P a Sylow p-subgroup of G.

For each non-empty subset S of G we define
[g, S1={lg, x] =g 'x'gx | xES}.

LeMMA (1.7). Let A be an abelian normal subgroup of G and let g be an
element of G. Set

A =Al[g, Cryeny(4)) and B = N5(g4)/[g, Cryign(A))-

Suppose that § is a m-element. Then we have r%(gA) = rz(8A). Further, if
(8n,, . .., £A,) is a complete system of representatives from distinct conjugacy
classes of n-elements of B that make up the normal set [Uje3 §°A1,, chosen so
that gn; is a n-element for all i, then {gn,, ..., gn} is a complete system of
representatives from distinct conjugacy clases of n-elements of G that make up
the normal set [, g°A1, and we have

DS = AL
Proor. It can easily be proved that
8, Croen(A)] = {18, X] | x € Cryen(4)}

is a normal subgroup of N;(g4) contained in 4.
Let {gA,,...,gR,} be a complete system of representatives from distinct



Vol. 64, 1988 CONJUGACY CLASSES 97

conjugacy classes of 7-elements of B that intersect [£4],, chosen so that gn;isa
n-element for all i. Set N = (g, Cy,(4)]. By using Lemma (1.1) we have

r&(8A) = riuea) (84) = Iigeny (@M N) + -+ - + Fiyen) (g1, N),
where t = rz(gA).
Furthermore, for every i we have
g, N = gnilg, Cryion ()] = {88 ™'27'82 | € Cr00(4))
= {z7'n¥"'gz | 2 € Cryieuy(4)}
= Clg, o (87:).

Thus we conclude 7y,,4,(gn; N) = 1 and since gn; is a n-element, we conclude
I'¥.ea(gniN) = 1. Consequently rg(gd) =t = rz(g4).
Finally we have
IN| = |gnN| = |gn;N N Cly,a(gn)| = |N||Cs(gA)|/| Cyyeay(gnil,
that is,
ICNGW)(gn,)I = ICg(gﬁ‘)l for all l = 1, “eey t.
Thus we conclude the desired resuit.

COROLLARY (1.8). Let A be an abelian normal subgroup of G and let g
be a m-element of G = G/A such that A < Z(N;(gA)). Then the following
equality holds:

rg(gA) = 14/[g, No(gA)]s-

PrOOF. We have g.€A and ri(gd)=rZi(g,A)=rz(g,4), where 4 =
Allgx, No(gA)) and B = N;(gA)/[gx, No(84)), since C,ga)(A) = Ciypien(4) =
Ng(gA). Further, g, is an element of the center of B, therefore

ré(gA) = |4 | = | A/[gx No(@A)]lx = 14718, Ne(gA)]lx-

COROLLARY (1.9). Let A bean abelian normal subgroup of G and let g be a
n-element of G = G/A. Then |[g, Cy,4)(A)VIg, A]| divides |C,(g)| and the
Jfollowing inequality holds:

re(gd) = |1C()1/ g, CNg(gA)(A)]/[gaA]I'

Further, equality holds if and only if 84 is contained in the center of B, where A
and B are defined in Lemma (1.7).

Proor. Evidently [g, 4] and [g, Cy,¢4)(4)] are two normal subgroups of
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Ng(g4) satisfying [g,A] =[g, Cn,en(A4)). Furthermore, [4|/|[g,A]l =
{C,(g)| and by using Lemma (1.7) we have

re(gd) =rz(gA) = |A| = |A/[g, AN/ |8, Cryen (A8, 411,

and equality holds if and only if r;(g4) = | 4 |, and since g4 is a normal subset
of B, rs(gA) = | A| is equivalent to: g4 is central in B.

The information obtained in Lemma (1.7) is more precise than that given in
Lemma (2.10) of [8]. Indeed Lemma (1.7) implies

r6(8A) = I'nyeayie )(8AV[8, A)) (= Ingigayie 11(A/[8, A)),

in case Ng(gd) =AF and Cr(g) = arg), where ?(g-) is the image of Cr(g) in
Ng(gA)/A and F is a subgroup of N;(gA4)). In addition, if A is a p-group, it
follows that either r%(gd) = 1 or rk(gA) is a power of p, assuming that p E .
Furthermore, assume that G is a p-group and set 4 = Z(G) and n = n(G).
Then for each g€ G, Corollary (1.8) yields

r6(8Z(G)) = 1 Z(G)/[g, No(gZ(G)]|
= | C6(8) /1 Ns(8Z(G)) Z(G))
= |Cs(8)l/1Ce(8)|,  where G = G/Z(G).

LeMMA (1.10). Let A be a normal subgroup of G and assume that A = C,,
with p prime. Then the following affirmations hold:

(1) If g € Z(Criygu)(4)), then r(gA) = 1.

(2) If g €EZ(Cy,ay(A)), then we have

re(g4) =1+ (p — 1)/ Ns(gA)/ Cyyen(4)|.

ProoF. I g&Z(Cy,e)(4)) we have [g, Cya)(4)]=A4 and rs(g4) =
rs(84) = 1. Let us suppose that g centralizes Chryes)(A4) and set

No(gd) = U 3 Crpnd).

Then we have

rg(gA) = (1/{Ng(8A4) )| Tou noieny|

— (1/|Ng(gA)]) 2 | Tyt crantir -
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We now consider two cases.

(@) If Ng(gA4) = Cy,e4)(4), the g EZ(N;(gA)) and so rs(g4) = p.

(b) If Ng(gA4) # Crya)(A), then for each y; & Cy,4y(4) we have rg(y,4) = 1,
because [C,(y;)| =1, hence Ng(y;A)=Cgq(y))A. Since gENHy4),
it follows that there exists a,€4 such that [ga,, y;] = 1. Further, ga, is the
unique element of the coset g4 commuting with y; (otherwise, [y;, 4] =1).
Thus, we have

ITBA»}’jCNGm)(A)I = ICNg(gA)(A)I fOI‘ CaCh] # 1,

| Ton.cugeoir! = |41 1Creny(4)]  forj=1.
Finally we conclude
r6(gA4)
= (1/|Ng(gA) X(I N6(84) Cryeny(A)| = )| Crngeny (A)] + 14| Cryeay(4)1)
=1+(l4] = 1)/|N(gA) Cryen(A4)|.

REMARKS
(1) Let N be a normal subgroup of G and let us consider the application

I:GICs(N)— Aut(N)
defined by
g—i(@):n—>nt=g'ng
for all nEN. Then

re(N)y=ry Xi GICG(N) (N)=r Hol(N.G/C(N)) (N).

In particular, it is
re(N)z oy (N).

Indeed, if nf = n, for some g €EG, then af = 2, in N X; G, being G = G/C4z(N)
and N = N. Conversely, if 7, is N X; G-conjugate to 11, then there exists
ni(g) so that nf"® = p,, that is, (n})i(g)=n,, and consequently n, is G-
conjugate to n,.

For example, if N = Hol(C,, C,) is a normal subgroup of G, we have

re(N) = FaoivgricsoyN) =1+ ((p — 1)/4)/|G/CG(N)|;;'+ q-—1,

where | G/Cs(N)|, denotes the p’-part of the number | G/C4(N)] (this follows
immediately from the structure of Hol(C,) = C, X,C,_)).

(2) Let N be a normal subgroup of G such that Z(N) = 1. Then we have
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16(N) = 161c,00)(NC(N)/ Cg(N)).

(This result can be shown easily.)

2. Conjugacy classes of 7-elements

In the following, s; denotes the number of conjugacy N-classes of a
n-element of N fixed by the automorphism f,: N — N defined by f,(x) = x#
forall xEN.

LEMMA (2.1). Let N be a normal subgroup of G and let g be an element
of G. Set G =GIN. Suppose that g is a n-element. Then we have s} =
k) (8N) = s} for each j coprime to o(g).

ProofF. Cf.[12] Theorem (3.2) Remark (1).

LEMMA (2.2). Let N be a normal subgroup of G such that G/N is soluble.
Then the following congruences hold.:

(i) ™(G)=|G/N|-r*(N) (mod d{Gx,)-

(ii) r(G)=r*(G/N)-r*(N) (mod d(| G |)d{sn))-

Proor. Arguing by induction on |G/N |, we shall prove both (i) and (ii).
Clearly, the result is true, in case G/N = 1. Let us suppose that G/N =
{g¢) = C,, with p prime. We have

r’*(G)=rg(N)+(p — 1)ri(gN)
and also

re(N)=(r"(N)+ (p — Dsg)/ p.
If ¢ is not a m-element (hence p & ), then r&(gN) =0 and
C) pri(G)=r(N)+(p — l)sg.
Since p=1 (mod d],y,), from (4) it follows that

r’(G)=r*(N)=|G/N|r*(N) (mod d{gy,),
and (1) is proved.
On the other hand, we know that sf=1 (mod d(|G)) and pr*(G) is
congruent to r*(G)+ (p — 1) modulo d(|G |)d[s/v, , inasmuch as r*(G)=1
(mod d(}G})), thus (4) yields

™G)+(p—D=r"(N+(p—Dg=rN)+(p—1) (modd(|G|)dn)

and consequently
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r*(G)=r"(G/N)-r"(N) (mod d(|G |)d{sn)

because r*(G/N)=1.
If g is a m-element (that is, p En), then 7§ (gN) = 57 and we have

prY(G) = (p*— 1)sj + r*(N)
hence

5) p*-r’(G) = p(p* — 1)sj + pr(N).
Since p? is congruent to | modulo 87y, we have

pri(G)=r(G)+ p*—1 (mod d(|G|)dw|)
and also
p(p*— 1)sg =p*~1 (modd(|G 1)d7m))s

hence the following assertions follow from (5):
r’(G)=pr*(N)= |G/N|r*(N) =r*(G/N)r*(N) (mod d(|G |)d{sx,)-

We now suppose the lemma true for each group G, and each N, < G, such
that G,/N, is soluble and |G\/N,| <|G/N|. Let 1 # L/N< G/N such that
(G/NY(L/N)=C,, with p, a prime number. Then G/L is isomorphic to C,
and arguing as above we have

r(G)=|G/L|r"(L) (mod dfg.)),

r'(G)=r"(G/LYy*(L) (mod d(|G|)o,)-

(6)

On the other hand, applying the inductive hypothesis to pair (L, N) yields
r"(Ly=|L/N|r*(N) (moddfy ),
r*(L)y=r*(L/N)r*(N) (mod d(|L})éf ),

(7

and applying it to the pair (G/N, L/N) we have

(8) r’"(G/N)=r"(G/LY*(L/N) (modd(|G/N|)T1,)-

Consequently, from (6), (7) and (8) we get
r"(G)=|G/L||L/N|r*(N)=|G/N|r*(N) (mod d{5,)

and

r(G)=r*(G/L)r"(LIN)r*(N)=r*(G/NY*(N) (mod d(|G |}%:,),
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because d(| G |) (resp. dg,x,) divides both d(|G/N|) and d(|L|) (resp. (g1,
and d77v,). Thus the lemma is proved.

THEOREM (2.3). Let N be a normal subgroup of G. Then the following
congruences hold:

(i) r(G)=|G/N|r*(N) (mod 75n,)-

(i) r(G)=r*(G/N)r*(N) (mod d(|G |)é{cn)-

Proor. We have |G/N|*=1 (mod ), hence (i) is equivalent to
showing
|G/N|r*(G)=r"(N) (mod d{gw,),

and this is equivalent to

|G |r*(G)=|N|r*(N) (mod |N{d{G )
that is,

9 I Tie.6 | =1 Twy,w | (mod |N|diG)-
We shall prove (9). Set

Q= {(x,y)E[G]; X G | [x, y] =1 and x or y is not an element of N}.

We have |Tig, ¢! = | Tim, v + €[, hence it is sufficient to show the follow-
ing congruence;
(10) Q=0 (mod |N|dfgn).

Set T={(x,y) | (x, ¥)EQ}. We have the following decomposition:
Q=U (T[NH],,NH - T[N].,N)-
HET

If H,, H, belong to T, then we have

(T, — Tivyo ) O Ty v, — Timyn) = Tivwy vt v oone, = Tiw, v

and (NH, N NH,)/N is abelian. Therefore there exist subgroups Hj, . . ., H, of
G such that N < H;, H;/N is abelian and

u

(11) 1Q = 3 (= D" Ty, — Tmn |
=1
. for some natural numbers 7, i =1,...,u.
It follows from Lemma (2.2) that r*(H,) is congruent to |H;/N|r*(N)
modulo 37, , or equivalently
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[ Tmpom | = | Tiag, v | (mod [N |5|"H,-/N;),

but 07y, divides 6%,x, hence (10) follows directly from (11).
To prove (ii) we consider I'= {H =< G | HN/N is abelian}. Evidently the
following decompositions are satisfied:

T = U Tnmonn
Her

and

T[G/le,G/N =U T[HNIN],,HNIN-
HET

Again, there exist subgroups K, . . . , K, of G such that K;/N is abelian for every
i, and there exist natural numbers r,, . .., 7, so that

| Tigrol = Z (— 1) Tigy x|
i=1
(12) and

v
IT[G/N],.,G/NI = Z |T[K,/N],.,K,-/N|( — 1%
i=1

From Lemma (2.2)

r"(K)=r*(K;/N)r*(N) (mod d(|K;|)d7xw),
hence
(13) | Tk | = | Tixumy kan | | Ty | (mod |N|d(|1G |)51"G/N|)

since d(|G|) divides d(|K;|) and d7,y, divides d7y,y, for K;/N # 1 (in case
K,/N =1, (13) is trivial). Now, from (12) and (13) we get

v

|T[G].,G| =3 (- 1) T[K,/N],,K,-/NI 'T[N].,N| = |Tim. n| |T[G/N].,G/N|
1

§ -

modulo | N |d(| G |)d/x, , that is,
|G |r*(G)=|G/N|r"(G/N)|N|r*(N) (mod |N|d(|G|)éfe),
and consequently
r"(G)=r*(G/N)r*(N) (mod d(|G|)d[sn),
because |G/N| is coprime to both (v, and d(]G |).
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COROLLARY (2.4). The following congruence holds:
(14) r"(G)=|G| (modd;)).

ProoF. This result follows directly from Theorem (2.3) (part (i)) putting
N=1.

Thus (2.3) generalizes (14). This last congruence was shown in [12]
{Th. (3.16)). Further, the congruence

r(G)=1G| (modd(|G|)dfs)

is not generally true. Indeed, let us consider G =(CsX Cs) X,C;, the
Frobenius’s group of kernel Cs X Cs and complement isomorphic to C; and let
n = {5}. Then we have

r'(G)=1+(5*=1)/3=9, 8% =2=4d(|G|)
and
|G| —r*(G)=66=0 (mod 4).

However, (2.A) and (2.B) allow us to get the following criteria, which connect
the arithmetical structures of the numbers 7(N) — |N| and r(G) — |G].

COROLLARY (2.5). Let N be a normal subgroup of G and let t be a number
dividing 67,y,. Then the following affirmations are equivalent:

(1) r(G)=1G| (mod t).

(2) r"(N)=|N| (mod ¢).

Proor. It follows immediately from Theorem (2.3) (part (i)).

COROLLARY (2.6). Let N be a normal subgroup of G and let t be a number
dividing d(| G |)d,6.v,- Then the following affirmations are equivalent:

(1) r(G)=|G| (mod ¢).

(2) r(N)=|N| (mod ¢).
In particular, if N is abelian, the following congruence holds:

(15) r(G)=|G| (modd(|G|)dem)-
Proor. It follows immediately from Theorem (2.3) (part (ii)).

CoROLLARY (2.7). If A is an abelian subnormal subgroup of G, then the
JSollowing congruence holds:

(16) r(G)=|G| (modd(|G)56.4))-
PrOOF. Obviously, if n(]4|) C n(|G: A |) then we have 5.4, = d6, and
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the result is true (here, 7(m) denotes the set of all prime numbers dividing m).
Otherwise, we consider the different prime numbers p,, ..., p, dividing |4 |
and not contained in n(|G:A4|). If P; is a Sylow p;-subgroup of A, the
conditions P,char 4 <1< G and p,4|G:A| imply P, normal in G, therefore
N=P,...P,=P; X --- XP,is an abelian normal subgroup of G satisfying
d,6/v; = 0,64, and consequently (16) follows directly from (15).

Obviously (16) improves the following (A. Mann’s) congruence:

r(G)=|G| (modd(|G|)dg)

EXAMPLES

(1) Let us consider G = Hol(C;, X C, X C,, C;). Then (15) yields r(G)=
8.7=28 (mod 48) (indeed r(G)=8), whereas A. Mann’s congruence yields
r(G)=2 (mod 3).

(2) Consider G = Hol(C, X C, X C,, C; X,C;), then (15) yields r(G)=
8-.7-3=0 (mod 8). Indeed r(G) = 8, whereas A. Mann’s congruence does not
yield any information in this case.

Let us consider the following sets of prime numbers dividing |G |:
n={pEn(G) | u,(|G|)iseven},
o ={pEn(G)| v,(1G/Z(G)})is even},
1= {p€En(G) I v,(]G’|) is even}

(G’ being the derived subgroup of G). Evidently we have the following
congruences:

|G|=1 (moddfy),
|G/Z(G)|=1 (mod df;)),
|G'|=1 (moddfg).

Further r(G) is congruent to |G | modulo J,s, and the numbers 9, 65, 6,
are divisors of d,, therefore by observing that r(G) =z | Z(G)| and r(G) =
|G/G’| we have the following:

CoOROLLARY (2.8). For each finite group G, there exist non-negative integer
numbers k;, i = 1, 2, 3, such that

r(G)= 1 +k16|nc| = |Z(G)| +k26|aG| = IG/G" +k36|tg|.
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REMARK. Arguing as above, if there exists N <1 G such that r(G) = |N|,
then
rG)=|N|+k-8;  forsomek =0,

where p = { pEn(G) | u,(1G/N|) is even}. Similarly, if r(G)Z {G/N|, then
we have
r(G)=|GIN| + k’- 6}, for some k’= 0

where v = { pE€En(G) | u,(|N|) is even}. In general, if gf, ..., g% are prime
powers dividing |G| such that r(G)=TI/_, g%, then there exists a non-
negative integer number k” such that

r(G)=1I & + k" 5%,
iml

where d={pEn(G)—{q1,--., 4} | v,(|G ) is even}.

EXAMPLES

(1) If |G| = m?, then we have r(G) =1+ k-4, for some k = 0.

(2) If |G} =2%.7™, then we have r(G) =1 + k-3 for some k = 0, setting
n={2).

(3) For each finite group G # 1, the following inequality holds:

rG)z1+d% +d(IG)|n(G)—=r|,

where n = { pE€n(G) | y,(]G) is even}. (Indeed, arguing as A. Mann in [4]
p. 83, there exists /= Z{| G |) such that / has exactly order d(| G |) modulo
any divisor ( # 1) of |G| and consequently g*' is not G-conjugate to g”’ for all
i#j,1=i,j=d(|G|).) Further, for each g €En(G), there are elements of
order g in G. Thus the above inequality follows directly from (14). The above
considerations also yield

r(G)z 1 +d(1G))|=(G)|.

Next, we analyse the arithmetical structure of the number r*(G)—
r*(G/N)r*(N).

LEMMA (2.9). Let N be a normal subgroup of G and let g be an element of
G. Then the following assertions are true:

@) r"(N)=s;=1 (mod d(|N})).

@ii) rE(N)=r*(N) (mod d(|G/N|)-d(|N|)yg.c.d.(1G|,d(IN))).

Proor. (i) cf. [12].



Vol. 64, 1988 CONJUGACY CLASSES 107

(i1) We have 57 = (1/|N|) Z,em, | Co(n) N gN |, since |Ce(n) NgN| = 0 if
and only if Cly(n)? = Cly(n), where |Cs(n) N gN| = |Cy(n)], in this case.
Consequently the following equalities hold:

rEN)=(/1G1) L 1Cs(n)l

n€[N)
=(/IG)) ¥ X |Cs(n)nxN|
XEGIN nE[N),
=(/IGIN]) I s,
XEG/IN
and so
a7 |G/N|rE(N)= Y s=.

XEGIN

On the other hand, there exists a natural number 2= Z{(|G/N|) such that Z
has exactly order d(|G/N|) modulo any divisor ( # 1) of |G/N| and the
following decomposition may be considered:

w  d(G/ND

(18) GIN=(}uU U (x},

where |G/N| =1 + w-d(| G/N|). Further we have s; = s7 for each element y
contained in {x{' | 1 =i = d(|G/N|)} and for all j, inasmuch as /* is coprime
to o(x;). Therefore from (17) and (18) we get

|GIN|rE(N) = r"(W) + 3 d(IG/N )sE,
1

j-
but s¥ =r*(N) (mod d(| N |)), hence

d(1G/N|)sz; =d(|G/N|)r*(N) (modd(|G/N|)d(|N|))
and

|GIN|rE(N)=(1 4+ wd(|G/N )r*(N)
=r*(N)|G/N| (modd(|G/N|)d(|N])),
whence we conclude the desired congruence.

LemMma (2.10). Suppose that G = N X; Hwithg.c.d.(IN|,|H|)=1. Then
the following congruence holds:

r'(G)=r*(G/N)y™(N) (mod d(|G/N|)-d(|N|)g.c.d.(|G|,d(|N|))).
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PRrROOF. Arguing as above, it may be considered a complete system of
representatives from distinct conjugacy H-classes of m-elements of H of the
following type:

{(BUk|1=j=w, 1=i=d(|GIN|)},

where r*(H)=1+ w-d(|G/N|). Now, from Theorem (1.4) (part (1)) we have

(19) r*(G) = rE )+ d(IGIND) 3 reuy (Colt)

Since Cy(h;) is a normal subgroup of Cs(h;), from Lemma (2.9) (part (ii))
we deduce

rEm (Cu())=r"(Cy(h;))
=1 (mod d(|Cx(h))|)/g.c.d.(|Cs(h)], d(1 Cy(B)1))).
But clearly, d(| N |)Yg.c.d(|G|, d(|N1)) divides
d(| Cy(h)))/g.c.d.(1Cs(hy), d(| Cw(h))1))
in case | Cy(h;)| # 1, hence we have
1w (Cy(h))=r"(N) (modd(|N|)/g.cd(IG|,d(IN])))
(20) and
r&(N)=r"(N) (modd(|G/N|)-d(|N|)/g.c.d.(IG|,d(IN))).
Finally, from (19) and (20) we get
r(G)=r"(NX1+ wd(|G/N|))
= r*(N)r*(G/N) (modd(|G/N|)-d(|N|)g.c.d.(IG],d(IN)),
the required congruence.

LeMMA (2.11). Let N be a normal subgroup of G such that G/N is abelian.
Then the following congruence holds:

r’(G)=r*(G/Ny™(N) (mod d(|G/N)|-d(|N|)g.cd.(|IG|,d(IN|)).

PrROOF. We prove the lemma by induction on |G/N|. Let us assume
G/N = {g) = C,, with p prime. If p &z, then r*(G/N) =1 and also
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r'(G) = rg(N)=r*(N)
=r*(G/N)r"(N) (modd(|G/N|)-d(|N|)/g.c.d(IG|,d(|N]))),
by using Lemma (2.9) (part (ii)). On the other hand, if p €Exn, then we have
r(G)=rg(N)+(p — )sg,
and again by using Lemma (2.9) we get
r(Gy=r"(N)+(p — Dr'(N)
=r"(N)r*(G/N) (mod d(|G/N|)-d(IN})g.cd.(1G|,d(IN1|)))

because (p — 1)sf =(p — 1)r*(N) (mod d(|G/N|)-d(|N])).

Thus we may assume true the lemma for every pair (G;, N,) satisfying the
following conditions: N, < G,, G,/N, abelian and | G,/N,| < |G/N|. Further-
more we may assume that there exists a prime number g dividing both [N |
and |G/N |, otherwise, by applying the Schur-Zassenhaus Theorem, we have
G = N X, H for some subgroup H and (2.11) follows immediately from (2.10).
Now, since G/N is abelian, there exists L <1 G such that L/N =~ C, and, arguing
as above for (L, N), we have

(21) r*(L)=r"(L/N)r*(N) (mod d(|L/N|)-d(|N|)g.c.d.(IL|,d(IN|)))

Applying the induction hypothesis to both pairs (G, L) and (G/N, L/N), we
have the following congruences:

r"(G)=r*(G/L)yr*(L) (modd(|G/L|)-d(|L|)/g.c.d.(IG|,d(|L])),
(22) {r™(G/N)=r~(G/L)r*(L/N)
(mod d(|G/L|)-d({L/N|)/g.c.d.(|\G/N|,d(|L/N|))).
From (21) and (22) there follows
r’(G)=r*(G/LY*(L/N)r*(N)
=r"(G/N)r*(N) (modd(|G/N|)-d(|N|)/g.c.d.(IG|,d(IN]))

since d(| N |)/g.cd.(|G|,d(|N|))dividesd(|L/N|)/g.cd.(|IG/N|,d(|L/N|)),
and d(|G/N|) divides both d(|G/L|) and d(|L/N|).

REMARK. The above proof is also valid for G/N a soluble group.

THEOREM (2.12). Let N be a normal subgroup of G. Then the following
congruence holds:
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r"(G)=r*(G/N)*(N) (modd(|G/N|)-d(|N|)/g.c.d.(IG|,d(|N|))).

ProoF. By using Lemma (2.11), the proof is analogous to that discussed
for Theorem (2.3) (part (ii)) and is therefore omitted.

REMARKS

(1) If N is a normal subgroup of G and r’*(G) denotes the number
of conjugacy classes of non-z-elements of G, then the following con-
gruence holds:

(23) r'’(Gy=r(G/Ny™(N)+r'"(G/N) (mod d(|G |)és,)-
Indeed, from Theorem (2.3) (part (ii)) we have
r*(G)=r*(G/N)r*(N) (mod d(1G|)osn)
and putting 7 = n(G) into the above congruence we get
r(G)=r(G/N)r(N) (modd(|G|)dm));
but 875/x, divides 8,6y, hence working modulo d(| G |)d7;,x, we have
r'*(G)=r(G)—r*(G)
=r(G/N)r(N) — r*(G/N)r*(N)
=r(G/N)r*(N) + r(G/N)r'*(N) — r*(G/N)r*(N)

(24)

= r'*(GIN)-r*(N) + r(GIN)r'*(N).

In addition
r"(G/IN)=|G/N|=r(G/N) (mod d;y),
hence
r'(G/Ny=0 (mod dfs/n)
and
r'’(G/N)r*(N)=r"*(G/N) (mod d{gyd(|G))

inasmuch as r*(N)=1 (mod d(]G|)). Thus we conclude the required con-
gruence.

(2) Let Nbe an abelian normal subgroup of G such that G/N is abelian. Then
the following congruences hold:

@) r(G)=G |, (mod d(| G )6fum)-

(i) r*(G)=|G |, (mod d(|G/N|)-d(|N|)/g.c.d.(|G |, d(|N]))).
Both congruences follow directly from Theorem (2.3) (part (ii)) and Theorem
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(2.12), respectively (notice that r*(N)= |N|,, r*(G/N)= |G/N|, and
|Gl = |N|:|G/N|, in this case).
(3) As an immediate consequence of Theorem (2.3) (part (i))

r'(G)=|G/N|r'*(N) (mod Of6m))s

foreach N4 G.
(4) In general the following congruence is not true:

r(G)=1G| (modd(IN|)g.cd.(IG|,d(IN1)).

For example, if G = (C;s X Cs) X;Cs, © = {5} and N = C; X C;s, then we have
r’(G)=ri(N)=9,d(|N|)=4and r"(G) = 9==75 (mod 4).
(5) In general the following congruence is not true:

r*(G)=r*(G/N)r*(N) (mod d(|N|)).

In fact,if G = 23, N = C;and 7 = {3}, we have r*(G) =rE(N)=2,d(|N|) =
2 and r*(G) =2=r"(G/N)r*(N)=1-3 (mod 2).

3. Supersoluble groups

In this section, the number of conjugacy classes in a supersoluble group is
investigated by using the local properties of the number r;(gN).

LEMMA (3.1). Let A, K and N be normal subgroups of M satisfying the
Jollowing conditions: A=K =N<M, A=ZM), MIN = (%) ~ C,, with q
prime, M/K abelian and g.c.d.(|4|,|M/K|)=1. Set s =ry(xN) and s* =
ryi4(XN/A). Then the following inequality holds:

(25) s—s*2(|A| = 1)- |N/K]|.

PROOF. Let us consider the following notation: M = M/N, M = M/A4 and
M = MK (isomorphic to (M/A)/(K/A)). Let {%4, ..., %) be a complete
system of representatives from distinct conjugacy M-classes that make up the
coset ¥ N chosen so that o(xn;) and |A| are relatively prime numbers for all
i=1,...,t. By observmg that %7; and X£7; are not M-conjugate elements for
alli #j (because Misan epimorphic image of M) we may consider a complete
system of representatives {%A,, ..., £f,, Ay, ..., £A.)} from distinct con-
jugacy M-classes that intersect N ordered in the indicated form. From
Lemma (1.1) we have
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rM(XN) = 2 rM(xniA).
i=1
Further, for each i =t we have
ru(xnA) = re ey (Caxn)) = |41,

by using both Lemma (1.2) and A4 central in M. Thus r,(xN)=
s*+(|A| — 1)t. But t = |N/K|, since M/K is abelian, therefore we conclude
the desired inequality.

LeMMA (3.2). Let A, L be two normal subgroups of G such that A = Z(L)
and G/L is abelian. Set K/L = Qy4,(Cs(A)/L). Then the following in-
equality holds:

(26;(0)—r(G/A)é(lAI — D-(1G/Cs(4)| +1/1G/K))-(1C(4)/K| — 1)
+ (r(K) — r(K/A)) |G/K]|.

Proor. Evidently we have 4 =L =K = C(4) and we may consider a
series

(27) K=Ny<N,<-+-<N,_,<N,=Cg(d)<N,;,<--+<N,=G

(with ¢t =0, in case K = Cz(4)) chosen so that N; is normal in G and
N,/N;_,=(x;) =C,, with p; prime for all i=1,...,u (that is possible,
because G/K is an abelian group). Let

S,-=rN,.(x,~N,-_1) and S}'=rN,,,K(f€,-1V,-_l/K) fOI‘ alll = 1,...,“.

Arguing as in Theorem of [7] the following equalities hold:

(28) |GIK|r(G)= ¥ (p! — DIN,_/K|s; + r(K),
i=1

(29) |GIK|r(G/A)= i (p? — D|N;_/K|s* + r(K/A),
i=1

(30) |GIK|2= % (p? — 1)IN,_/K|*+1
i=1

and

3D 1GICA)IG/K]| = ) (p} — DIN;- /K + | C6(A)K|

J=t+1
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(notice that (30) and (31) are deduced by considering the following induced
series:
{I}=NJ/K <N/K<-...-<N,/K=GI/K).
From (28) and (29) we get

|G/K(r(G) — r(G/A)) = X (p} — DIN;-/K|(s; — s¥)
i=1

(32) )
+ r(K) — r(K/A).
Moreover, the following conditions hold:
gcd.(|JA|,IN/K|)=1 and A=<Z(N;)) foralli=1,...,¢

(because G/L is abelian and K/L = O,(Cs(A4)/L)), therefore by using
Lemma (3.1) we get

s;—s¥=(l4| - 1) |N;_/K| foralli=1,...,¢,

and consequently (32) yields
t
|G/K|-(r(G)—r(GlA)z T (p} — )IN,_/K|(|4| — 1)
i=1

(33)
+ r(K) — r(K/A).

Finally, (30), (31) and (33) imply the required inequality.

LEMMA (3.3). Let A be a cyclic normal subgroup of G of order a prime
number. Then we have

|G/Ce(A)(r(G) — r(G/A)) = r(C(A4)) — r(Ce(A)A).

Proor. Let us consider a series Cg(Ad) =N, <N, <--+-<N,=G of
normal subgroups of G having cyclic factors of order a prime number. By using
the above notation (with K = L = C;(4)) we have

|G/C(4)[(r(G) — r(G/A)) = i (p? = DIN; ./ Ce(A) (s — 5¥)

+1(Cs(A)) — r(Cs(4)/A).

Furthermore, if {X;4,, . . ., X; /i, } is a complete system of representatives from
distinct conjugacy N,/A4-classes that intersect X, N;_,/4, then we have
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§; = rN,(xiNi—l) =2 rN,v(xinjA)-
j=1
In addition, x;n; is contained in N; — N, _,, hence x;n;& C;(4) and conse-
quently from Lemma (1.10) it follows that ry(x;n,4) = 1. Therefore s; = s*
and we conclude the required equality.

LEMMA (3.4). Let A, L be two normal subgroups of G satisfying the
Jollowing conditions: A=<Z(L), A=C,, p prime, G/L abelian and
0,(Cs(A)/L) # Cg(A)/ L. Then the following inequality holds:

r(G)— r(G/4) = 276D p.

PROOF. Let us use the inequality (26) for n(4) = { p}. Assume that 24 |G |.
If C;(A) is properly contained in G we have r(G) —r(G/A)=6(p — 1) = 2p.
If C4(4)=G and |G/K| >3 it is evident. If |G/K| =3 we have r(K)=
r(K/A) + p — 1 (since A = Z(K)) and consequently

HG)—rHG/A)z (p — 1)4/3)2+(p—1)/3Z 2p,

and the inequality has been proved when G has odd order. On the other hand,
if G is a group of even order, the inequality also holds because

rGy—r(GlIAYzZ p — 1+ (r(K)—r(K/IA) |G/K|)>p — 1

implies
r(G)—r(G/4) = p.

Next we analyse the supersoluble groups of the type G = P X; C,, where Pis
a p-group of order p?"*¢, with n =20 and ¢ =0 or 1, and ¢ a natural number
dividing p — 1.

Let A be a normal subgroup of G such that 4 =~C,. Then we have
Cs(A) = PC, for some ¢’ dividing ¢, and by using Lemma (3.3)

/t")-(r(G) —r(GIA)) =r(P X, Co} — r(PIA X; C})

is satisfied. Let us assume ¢/ =1 and e = 0 (that is, C;{4) = P). By using P.
Hall’s formula (cf. [2]) it follows that there exist non-negative numbers k, k’
such that

r(PY—r(PlA)=p(p — )+ (k —k'np*— 1} p— 1,

but #{P} > r(P/A4), hence necessarily k — &’ is non-negative, so r(P) — r(P/A)
i greaier than or equal to p( p — 1) and we conclude
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r(G)—r(G/A)z p(p — 1)/t Z 27UCD. p,
Suppose that ¢/ # 1. Putting L = P into Lemma (3.4) we obtain
r(G) —r(G/A) = 2"16D. p,

However, in general, the above inequality is not true, incase ' =1 and e = 1.
For example, for G = Hol(C) = C, X, Csand A = Z(P) the following data are
true: r(G) =10, r(G/A) =r(C; X £;) =9 and r(G) — r(G/4) = 1# 3. Neverth-
less, in this case, we have |P/A| = p?", hence there exists C, ~B/A<G/A
such that

r(G/4) Z r(G/A)(B/A)) + 271¢D. p

and consequently we may consider B < G satisfying |B| = p? and r(G) =
r(G/B)+2"GVp (if n = 1).

In the following we show the above inequalities for any supersoluble group.

LEMMA (3.5). Let A, L, be two normal subgroups of G such that A < L and
G/L is abelian. Then we have

|G/L|(r(G) — r(G/A)) = r(L) — r(L/A).

In particular, if A is cyclic of prime order and L = C;(A), then the bound is
attained.

PrROOF. By considering a series L = Ny<N,< ... <N,= G such that
N;<G and |N;/N;_,} is prime for all i, and arguing as in Lemma (3.3), this
result follows immediately.

In the following, F(G) denotes the Fitting subgroup of G, that is, the unique
maximal normal nilpotent subgroup of G.

THEOREM (3.6). Let G be a supersoluble group such that F(G) is not cyclic
of prime order. Then one of the following conditions is satisfied:
(1) There exists p prime and A ~ C, normal in G such that

r(G)z r(G/A4) +2"19p,

(2) There exists p prime such that | F(G)| = p** for some n = 1, and there
exists B< G such that |B| = p? and r(G) = r(G/!B) + 26D

Proor. Let us assume that F(G) is p-group for some prime p. Since o ..
supersoluble, G/F(G) is an abelian group and consequently p does not divi:
|G/F(G}|. Let 4 be 2 normal subgroup of G 1somorphic to €, Evidenyi-
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O0,(Cs(A)F(G)) is trivial. If C5(A4) = F(G) then we have G = F(G) X, C, for
some ¢ dividing p — 1 and the result follows from the previous commentary to
the above lemma. On the other hand, if C;(4) > F(G), then by using Lemma
(3.4) with L = F(G), it follows that

r(G) — r(G/A4) = 2115 p

and the theorem is proved. Thus, we can suppose that F(G) is a nilpotent
group of order divisible by at least two prime numbers p and g, with g < p. Let
A, A, be two normal subgroups of G such that 4,~C,and 4,=C,. If

O0,(Cs(A)/F(G)) # Co(A)/F(G) or Oi(Ce(A) F(G)) # Cs(A) F(G),
then again (1) follows by using Lemma (3.4). Therefore we also can assume
that C4(4,)/F(G)is a p-group and C;(A4,)/F(G) is a g-group. Since | G/C;(4))|
divides ¢ — 1 and q is less than p, it follows that p does not divide | G/F(G)|

and consequently
0,(Ce(4,)/F(G)) = 1 = Ce(4,)/F(G).

Now, bearing in mind Lemma (3.5) with L = F(G) we have
|G/F(G)| «(r(G) — r(G/A4y)) Z r(F(G)) — r(F(G)/A4,).

Let P (resp. Q) be the Sylow p-subgroup (resp. Sylow g-subgroup) of F(G) and
let T be the normal subgroup of G such that F(G) = P X @ X T. Then we have
r(F(G)) — r(F(G)YA) = r(P)r(T)r(Q) —r(Q/C) = p(g — 1)

and consequently
rG)— r(G/4)= plg — IY|GIF(G)| = 2"'-(p(g— IW(p— 1))>2™1%Ng — 1)

(because |G/F(G)| divides p — 1), so r(G)— r(G/4,)) = 2™ (g — 1)+ 1.
By using Theorem (2.12) in case |G| odd, we get r(G)—r(G/A4,)=0
(mod(qg — 1)/g.c.d.(|G|, g — 1)), hence necessarily r(G) — r(G/A4,) = 2q and
the Theorem is proved.

Next we analyse the case | F(G)| = p, with p a prime number. In this case
we have:

LEMMA (3.7). Let G be a supersoluble group of order
t
pm=p- ]I pi+s,
i=1
with p a prime number not dividing m, p; # p; for each i # j, e; =0 or 1 and

p; prime for all i =1,...,t. Suppose |F(G)| = p. Then the following in-
equalities hold:
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(M) If |G is odd,

rGz ¥ 2mt+e)p+ ¥ (i — D"+ (p—-1"

m*0 =0
) If |G| is even,

rG)z ¥ @m+e—)p+ X (b — 1"+ (p— 1"
n¥0 =0
Proor. Evidently, G is a Frobenius group of kernel F(G) and comple-
ment isomorphic to one cyclic group of order m. Thus we have r(G)=
m + (p — 1)/m. We consider the following function:
Y @n+e)p,+ Y (p,— 1" if mis odd,

n+0 n;=0
fm)= .
Y @nm+e—Dp+ Y (p,— 1D ifmiseven.
n#0 n=0
It can easily be shown that the relation m = 2. f(m) holds for each natural
m =2 We see that r(G)=m + (p — 1)/m is greater than or equal to
fim) + (p — 1)2 = f(mp). Suppose that m < (p — 1)"2 In this case we have

HG)y=m+(p—Dimz fim)+(p — DIp — 1) = fim)+(p — 1)'".

Therefore we may assume that m is greater than (p — 1)"2. Suppose the result
false, that is,

m+(p—1/m<fim)+(p—1",
then we have

m<fim)—(p—)/m+(p—1)"~

and necessarily f(m)—(p — 1)/m is greater than 0. Further, 2f(m)=<m
implies f{m) <(p — 1), hence m < 2(p — 1) and consequently

rGy=m+(p—1)Ymz2f(m)+(p—1)m
> f(m)+2(p — YYm > fim)+ 2(p — 1)/2(p — 1)'?
= fim)+(p — "
a final contradiction, therefore the inequality is true.

THEOREM (3.8). Let G be a supersoluble group of order |G | =TI ., p?»*«,
withp; # p;foreachi #+j,n;20,e,=0o0r |,andp,primeforalli =1,...,t.
Then the following inequality holds:
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Gz ¥ 2" p,+ ¥ (p;— 1™
n%0 n=0

Proor. We argue by induction on |G |. If | F(G)| = p, with p prime, the
result follows from Lemma (3.7). Thus we can suppose that F(G) is not cyclic
of order prime. Now bearing in mind Theorem (3.6) we have two possibilites:

(1) There exists 4 =~ C, normal in G such that r(G) = r(G/4) + 2"1¢Vp.
Assume that p?"*¢ is the greatest power of p dividing |G |. We now apply
induction to supersoluble quotient group G/A4 and evidently we only need to
analyse the summands relative to prime p in the final summation. Ifp || |G|, it
is 21060 p > (p — DL if p? || |G| itis (p — 1)V2 4 27UGNp > 216D p. finally,
if 2n + e = 3 we have

(2) |F(G)| = p**! with n =1, and there exists B<I G of order p? and
satisfying r(G)= r(G/B)+ 2"'¢Dp. In this case, we apply induction to
supersoluble group G/B. Clearly p>**' || |G|. If n =1, then p || |G/B| and
(p— D24 2mM60p > 21EDp If n = 2, we have

Thus, our inductive argument yields the desirable inequality, in any case.

Evidently the bound obtained in the above Theorem improves M. Cart-
wright’s bound given in [1].

Next we analyse the residue class of 7(G), modulo the “best” number given
in terms of the primes dividing |G |.

LEMMA (3.9). Let a,,...,a,, m be natural numbers such that g;=1
(mod m) foralli =1,... . Then the following congruence holds:
{

fI =7y a—(—1) (modm?.

=1 je]
ProoF. We argue by induction on ¢. In case ¢ = 2 we have
aa=(a,— )a,— DN+a,+a,—1=a,+a,—1 (mod m?).

Suppose ¢ = 3. We have a,- - -a,=1 (mod m), hence our induction argument
yields

t t
[ a=a+(a  -a)—1=a,+ Y a,—(t—2)—1 (modm?.

=] i=2



Vol. 64, 1988 CONJUGACY CLASSES 119

Let G be a finite group of order IT;_, p?*4. Evidently we have p,=1
(mod d(} G |)), hence by using Lemma (3.9) we conclude that

(34) IGl=3 @m+e)p—1)+1 (modd(|G|)>).
=1

1

On the other hand, we have r(G)= |G| (mod d(| G |)?) (cf. [5]) hence r(G) is
congruent to the above summation modulo the number d(| G |)2

Now we may prove

THEOREM (3.10). Let G be a supersoluble group of odd order |G| =
II/_, p?*&, with p; # p; for each i # j, p; prime, n; a non-negative integer
number and e; = 0 or 1. Then the number of conjugacy classes of G is of the form

1+ 3 @nipi— 1)+ emy) +k-d(1G)?

i=1

Jfor some non-negative integer number k. In particular, G has at least

L+ 5 @n(n— 1)+ em,)

i=1
conjugate classes.

Proor. It follows easily from (34) that we only need prove the inequality

1

rG)Yz1+ ¥ Q@n(p;— 1) +ep,).
i=1

We argue by induction on | G |, reasoning in a similar way to that in Theorem

(3.8). If |F(G)I=p, p prime, then we have G=C, X;C,, r(G)=

m +(p — 1)/m = m + u, and the inequality is trivial.

Assume that F(G) is not cyclic of prime order. By using Theorem (3.6) we
may restrict ourselves to one of the following conditions:

(1) There exists 4 =~ C, normal in G such that r(G) Z r(G/4)+ 2p. Let
p¥" *¢be the power of p occurring in | G |. By applying inductive hypothesis to
supersoluble group G/4 we only need to analyse the summands relatives to
prime p (because if ¢ is a prime dividing |G| and g # p, then it is
U(1G/IANZu,(IG1).Ifp || |G|, wehave 2p > u, (|G |);if p* || |G| we have
2p+u,>2p—1) if PP 1G] we have 2p +2(p — 1)>2(p — 1) +4,; if
P*|| |G| we have 2p +2(p — 1)+ u,>4(p — 1); and finally, if 2n + e = 5
we have
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2p+2(n+e—1)p— 1D+ —e)u,=2n(p— 1)+ eu,.

(2) |F(G)| = p**!, with n = 1, and there exists B <1 G such that | B| = p?
and r(G) = r(G/B) + 2p. Again we apply the inductive hypothesis to G/B. If
P’ |G|, thenp || |G/B| andwehavey, +2p Z2(p — 1)+ p,;if2n + e =5
we have 2(n — 1)(p — 1)+ u, + 2p > 2n(p — 1) + p,. In any case, we obtain
the desired inequality.

REMARK. Let p, g be two odd prime numbers such that g divides p — 1.
Then the group Hol(C,, C,) attains the bound given in (3.10). Thus our results
are in this case best possible.

THEOREM (3.11). Let G be a supersoluble finite group and let p be the
smaller prime number dividing | G |. Assume that p° || | G |. Then there exists a
non-negative number k such that

p*-r(G)=(p+ 1)Np* = D+ r(0,(G) + k-(p*— 1)-d(|G]).

ProoF. Let Pbe a Sylow p-subgroup of G. Since G is supersoluble we have
G = 0,(G) X, P. Evidently, there exists a series

0,(G)=Ny<N,<:--<N,=G

satisfying N;<IG and N;/N;_,=(X;)=C, for all i=1,...,a. Set s, =
ry,, (x;N;). Arguing as in Theorem of [7] we have

p*-r(G)= X (P> = 1) p*~'s,_; + r(O0y(G)).
i=1
Furthermore s,_; =1+ k,_;-d(|G) for some k,_; = 0. Therefore we con-
clude the desirable equality.
In particular, if G is a supersoluble group of even order, then we have
29.r(G)=3R2° = 1)+ r(0(G)) + k-3,

where O,(G) is a supersoluble group of odd order. Thus the number (0, (G))
can be estimated by using Theorem (3.10).

4. The number r;(N)

In this section we analyse the number of conjugacy classes that make up the
normal subgroup N.
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THEOREM (4.1). Let N be a normal subgroup of G. Then there exists a non-
negative integer number k such that
r™(G) = r&(N) + r"(GIN) — 1 + k-d(| G )d(|G/N|).
ProOF. Let us consider the following decomposition:

_ u  d(IGIN1) )
[G/N],={T}uU U Cls(g"),

=1 j=1
where /= Z(G/N) and G = G/N. Then we have r*(G)=1+u-d(|G|) and

r(G) = r&(N) + il d(1G |)r&(gN).

j -
On the other hand, for each n-element g of G we have
ré(gN)=1+k,d(|G|)  forsome k, =0,
hence we conclude the desirable equality.

In case # = #(G) we can improve the above equality. Indeed, for each
element g €G we have

r6(gN) = [N/(N N N(gN))| + kg -d(| Ng(gN)|)
for some non-negative integer k; (cf. {12] Corollary (3.21)). Furthermore
|NI(N N Ne(gNY)| = |N/(N N G')| (N N G)Y(N N Ng(gN))|
=|N/(NNG)| (modd(|G|)),
hence there exists kK’ = 0 so that

res(gN)=|NI(N N G")| +k%-d(|G)).
Thus we have

HG) = ro(N) + il d(1G1)-rs(gN)

j-
=rg(N)+ |NIN N GH((GIN)— 1)
+k-d(|G)d(|G|) forsomek=0

and we have shown the following result:
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THEOREM (4.2). Let N be a normal subgroup of G. Then there exists a non-
negative number k such that

(35) r(G)=re(N)+ INI(N N G)|(r(G/IN)—1)+k-d(|G|)-d(|G).

ExXAMPLES
(1) Assume that G is a finite p-group for some prime number p. In this case,
there exists k = 0 such that

r(G)=rz(N)+ IN(NNG)|(r(G/IN)— 1)+ k-(p— 1~
In particular, putting N = Z(G) in (35) we get
r(G)=|Z(G)| + | Z(GW(Z(G) N GH(r(G/Z(G) - )+ k-(p — 1)?,

and putting N = ¢(G) in (35) (where ¢(G) is the Frattini subgroup of G), then
we have

r(G) =re(HG)) + |HG)G'|(IG/HG) | — 1) +k-(p— 1)},

since G’ =[G, G] is contained in ¢{(G).

(2) Let Nbe anormal subgroup of a finite p-group G such that N < ¢(G)and
G/N is abelian of type (p4,..., p%). Then we have &(G/N) =& G)/N and
clearly ¢(G/N) is of type (p~!, ..., p%~ 1), where

GIHG)=C, X -+ X C,.
We have
|H(G)/G'| = |H(G)/N||N/G’| = p4* 975 |N/G’|

and consequently there exists k = 0 such that
r(G)=re(¥(G)) + p*+ O INIG |(p* — D+ k-(p — D2
(3) Let us consider the upper central series of a finite p-group G:
l=2Z,<Zi<.--<Z _<Z =G,

where Z, = Z(G)and Z;,, = Z; . (G) isdefined by Z; , ,/Z, = Z(G/Z;) for each
i=1,...,c— 1. The number ¢ — 1 is called the nilpotent class of G. Evi-
dently we have

"G =1Z@G)| + 3 re(Zi— Z,_y)

i=2

and
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r(Zi— Z;1)) = ) re(xZ;y)
XEZJZ;_~ {1}
=(|Z:‘/Zi—1| - 1)(|Zi—1/(Zi—l N G')|)

+k-(p—1)? forsomek, =0.

This we conclude

rG)=1Z(G)| + 3 (1Z4Z-1| = DIZi-fZiey 0 G

im=2
(36) +k'(p — 1)

for some k’ = 0.

Let N be a normal subgroup of a finite p-group G and assume that
IN|=p™=p™*+¢ with n”=0 and e¢’=0 or 1. We have rz(N)=|N|
(mod (p — 1)?) and

IN|=n(p*— 1)+ p*=2n(p — 1)+ p* (mod (p — 1)?).
Thus we have
re(NYy=2n’(p — 1)+ p¥ (mod (p — 1)?).

Let us consider a series 1 = Ny< N, < -.- <N,,,= N such that N;< G and
NiIN;_y = (%) = C, for all i. Then we have

roN) = 1N + 3 rolaNi-Xp = 1)

and
re(x;N;_))= |N;._/(N._,nNG)| +k(p—1) forsomek; =0.

Therefore

rG(N)= D +(P - l) 2 lNi—l/(Ni—] N G’)l +k,‘(p - 1)2 With k'éo.
i=2

In particular 7;(N)=(m — 1)(p — 1) + p®. Furthermore, equality holds if
and only if ro(x; N;_,) = 1 forall i, that is, x; N;_, = Cl;(x;) for all i. In this case
we have | Cg(x;)| = |G/N;_,| and

AS=(1G,. 271G, NGING 1, BT IGIN, D).

This latter information gives us
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THEOREM (4.3). Let N be a normal subgroup of a finite p-group G and
suppose that |N| = p**¢ with n’ =0 and e’ =0 or 1. Then there exists a
non-negative integer number k such that

re(Ny=2n(p— 1)+ p*+k-(p— 1)

Further rg(N)=2n'(p — 1)+ p® if and only if

AS=(|G|,. 7 .IGI,...,]GIN|p,. "\ . ,IGIN|p).

REMARK. Let G be a non-abelian group of order p* and let N be a normal
subgroup of order p%. Then we have rzg(N)=2(p — 1)+ 1 and

Af=(p%. 00, 0% %, P,

Let G be a finite p-group and let N, M be two normal subgroups of G such
that M = Nand N/M = Z(G/M). Then

re(N—M)=(|IN/M| - 1D)|MIMnOG) +k-(p—1)* forsomek =0.

In particular rg(N —M)= |[N/M| —1 and rg(N —M)= |[N/M| — 1 if and
only if
INIM| =1

AS_w=(GIM|,.. ... .. | GIM).
We have

THEOREM (4.4). Let N be a normal subgroup of a finite p-group G and let a
be the greatest subscript such that NL Z, (hence N C Z, ). Then the following
assertions hold.:

(i) IN|z p=th.

() reN)=INNZ|+Z5,INNZ YNNZ)| —atk-(p—1)* for

some k = 0. Furthermore, k =0 if and only if

INNZ| I(NNZYJNNZ)| -1

A§=(|Gl,... " . JG IGIINNZY), 05 ,IGI(N N Z)|;

((NAZ,, YNNZ) —1

3 |GIN N 2|, Rz JIGIN N Z,))).

Ifk = 1, then we have

NZ INNZ |+ 3 (VN Zu (N N Z)] —a+(p — 1)

Jj=1

Z(a+ D)|N|MetD—a 4+ (p—1)>2
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ProOOF. Since N is not contained in Z; for eachj Sawehave NN Z; <N
and there exists N;<IG such that N; =N and N;/(N N Z;) = C,. Therefore
N,/(N N Z;)isasubgroupof (N N Z; . (N N Z)and (NN Z; ) — (NN Zy)is
a non-empty normal subset of G for everyj < a. Now, let us consider the chain

I<NNZ,<NNnZ,<--+<NNZ,,,=N.

Then necessarily |N| = p**! and

re(NY=INNZ|+ X re(NNZj —(NNZY),

j=1

where (N N Z; )N N Z;)) = Z(G/(N ( Z;)). Thus, all the assertions are a
direct consequence of the previous commentary to (4.4) and from the fact that
the arithmetic mean of « + | numbers is larger than or equal to the geometric
mean of such numbers, that is,

(o 1)(1/a+ 1)) <|N YAED

j=1

(N 1 Z, YN O zj)l)

i(a-{-l)(

a Ua+1)
INNZ)-(IN O Za|YIN O Z,-l))

j=1

=(a+ l)lNlll(a‘l-l)'

CoRrOLLARY (4.5). For each finite p-group G, either

Aq =G|, 1GI;1G/Z,,. 747 1GI1Z,);
e |GIZo 1 T Gz )
or

rGzclGl'"“—(c—1)+(p—1),
where ¢ — 1 is the nilpotent class of G.

(This result refines Sherman’s inequality given in [6].)

THEOREM (4.6). Let i be the first subscript such that Z; L G’ and suppose

that G is a finite p-group of nilpotent class ¢ — 1. Then the following inequality
holds:

r(Gzc(|Glp i Y —(c—i—-Dp—i+1.

ProOF. By using (36) we have
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rGz Y (1Z/Zi_,| -Dp+ X (Z/Z_| -1)+1
j=1

j=i+1

S 1Z/Ziilp+ 3 1Z/Z | —(c—i—Dp—i+]1
j=i+1

j=1

ze( M (20210 [ 120701) "~ =i - Dp i+ 1

k=1
=c(|G|p~ i HWYe—(c—i—-V)p—i+1.
REMARK. If Z(G)Z G’, then the following inequality holds:
nG)zc(1G|p™3)" —(c - 2)p.

Now let us consider the lower central series G >Y,>--.->Y.=1 of a
finite p-group G, where

=G’ and Y, =[Y;,G]=([xy]|xEY,,yEG).

Let N be a normal subgroup of G and let 8 be the greatest subscript such that
Y; € N. Then we have the following chain:

G =NY,>NY,>NY,>:-->NY;>NY;, =N

and consequently |G/N| = p*'. Further

B+1
16(G —N)= ¥ rs(NY,_, — NY))
where NY,_,/NY; £ Z(G/NY,;). Thus we can establish a similar result to
Theorem (4.4):

THEOREM (4.7). Let G be a finite p-group and let N be a normal subgroup of
G. Let B be the greatest subscript such that Y, LN. Then we have the following
affirmations:

() [G/IN| = p**L.
(ii) re(G — N)— 2’“‘(|NY JNY;| = D)+ k-(p— 1) for some k = 0.

(iii) ro(G — N)= (B + 1)+ |G/IN |"6+D — (B +1).

(iv) Either re(G — NY=ZFX(|NY,_\/NY,;| — 1), where

INY,/N|~1

§_y=(GIN,""P L IGINT; | GINY, |, Ve | GINY, |,

|G/INY | —1

3 IGINY, |, SN IGINY),
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or

r(G — N2 3, (INY,_/NY,| ~ 1)+ (p — 1)?

Z(B+1)-|G/N|"ED—(B+ 1)+ (p— 1)~

REMARK. Putting N = 1in (iii), we again get Sherman’s bound given in [6],
and in (iv) we improve it.
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